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Main results:
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—x+/tb(s, )ds + W,
° T T (1)
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Main results:

Consider the Markovian Forward-Backward SDE
t
:X+/ b(s, )ds + W,
0
T .
Vi) =80+ [ ele ) Yozt - [ Zaw,
Jt t

Our aim is to show:
(i) (1) is differentiable w.r.t

— g allows this type of non-linearities: f(|y|)|z|*;Vf € LLOC(R+),
— b bounded and measurable (can be discontinuous).

(ii) (1) is differentiable w.r.t. ( ):
= be L([0, T]; CA(RY), B € (0,1)
(iii) The explicit convergence rate holds for any p > 2

.
E| sup Y7 — Vi + (/ |27 — ZPde) } < C(p,k)ns .
te[0,T] 0]

where k > 0.
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Classical results
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Classical results
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:XJr/ b(s, )d5+/ o(s, )d W,
Jo Jo

T T
Vi) = d(X:(w))+ / g(s, XX(w), Yo, Zs)ds — / Z.dw,

v B E. Pardoux & S. Peng(1992)
— Lipschitz framework

v B S. Ankirchner & P. Imkeller & G. Dos Reis(2007)
— g(t,x,y,z) = U(t,x,y,z) + a|z|> with £ € C* and Lipschitz in (x,y, z).

v B P.Imkeller & G. Dos Reis (2010)
— lg(t,x,y,2)] < C(A + ly| + |z?).

v B C. Frei & G. Dos Reis (2013)
— lg(t,x,y,2)| < C(L+ |yl + (1 +|y[)lz] + |z[*), keN.
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Regularity of the coefficients

Assume that (b, 0, ¢, g) satisfy:
— |(b,o)(t,x)| < C(1+ |x|) b,o € C} and b/, o’ are Lipschitz in x
— ¢, g continuously differentiable with bounded derivatives.

Then the Malliavin derivatives of (Y*, Z*) solution to (2) satisfies:

T T
Do Y = Vxd(XE) DX — / DyZ2dB, + / Vag(s, X2, Y2, ZX) DX ds
Jt Jt

T T
+ [ Vgt v zoivzas+ [ Vaglsxi v ZIDZIs ()
t t
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9 ]

IMPORTANT:
of (b, o) + (¢, g) = well posedness of (3)
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Non-smooth drift

The QUESTION??
b is non-smooth? or non-Lipschitz continuous?
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b is non-smooth? or non-Lipschitz continuous?

V" The results in the aforementioned papers (ref. therein)
v The equation (3) is

Bounded and measurable drift

The forward equation in (1) has a unique strong solution X ¢ [2(Q; W2 (RY))
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SUPxeRr SUPseo,q E [[DsX[P] < o0

v BB RL.P. etal A classof quadratic forward-backward SDEs J.Math. Anal.

Appl.(2022)
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Standing assumptions

® Given T > 0 and d € N\{0},

-
Ve =§& +/ g(s,w, Ys, Zs)ds — (4)
t
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Standing assumptions

® Given T > 0 and d € N\{0},
.
Vemet [ gloiw Ve Z)ds - 4)
t

(A1) ¢ is an Fr-measurable ||£]|r0 < o0;
(A2) g:[0, T] x Q@ x R x R — R is F-predictable and continuous in (y, z) and
llg(t,0,0)||cc < Ao, a € (0,1) P-as.

lg(t,y,2) = (8, v, ) <A (14120 +121)ly - ¥
A= (1+ (F(yD) + A D)2l + 12'D) 12 = 2/

f € L, (R) increasing and locally bounded.
® Under (A1) and (A2) g satisfies:

lg(t, 5y, 2)l < Ao+ Aylyl + Ax(|2] + F(Iy])|z?) as.
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Solvability and bounds

— [ Bahlali(2019)

Under and , the BSDE (4) has a unique solution
(Y,Z) € S®(R) x H?(RY).

® Explicit bounds for (Y, Z)

Under

and we have
IYlse < T® = (gl + Ao T)e™T,
1Z % Bllgmo < T := 2T(1)(T(1) + T(ho+ A + /\ml))) exp(4(|(1 + Az )| 120, 4

o 1Moo =sup, [B{(M)7 — (M).1/5-1L7 < .
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Additional assumptions

(B1) ¢ € D1*°, g is continuously differentiable in (y, z), a € (0,1)
\Vyg(t,y,z)| S Ay(l + ‘Z‘u) a.s.,
IV28(t,y, 2)| < A1+ f(lyl)|z]) a-s.,
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Additional assumptions

(B1) ¢ € D1*°, g is continuously differentiable in (y, z), a € (0,1)
\Vyg(t,y,z)| S Ay(l + ‘Z‘w) a.s.,
IV28(t,y, 2)| < A1+ f(lyl)|z]) a-s.,

(B2) (g(t,y,2))eepo, ] € L1,2p(R), I (Ku(t))u,tepo, 17, (Ktl(t))u.te’[O.T] s.t.

)
/ sup E|K,(£)PPdu + [ Ku()]22, < oo,
0

0<t<T

|Dug(t,y, 2)] < Ku(t)(L+ Iyl + F(Iy])lz*) + Ku(t)(1 + |2|* + F(Iy])I2]) as.
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Additional assumptions

(B1) & € DV, g is continuously differentiable in (v, z), a € (0,1)

IVyg(t,y, z)| < Ay(1+ |2|%) ass.,
IV.g(t,y,z)] < A(1L+ f(ly])|z]) ass.,

(Bz) (g(ts)/7z))t€[0,7'] S ]Ll,Qp(R)x 3 (Ku(t))u_t{—’[O_T]v (Ru(t))“_fg[o_ﬂ S.t.

)
/ sup E|K,(£)PPdu + [ Ku()]22, < oo,
0

0<t<T
1Dug(t,y,2)] < Ku(t)(1+ |yl + F(IyDIz|*) + Ku(£)(1 + |21* + F(ly])]2]) as.
Theorem
Let , , and be in force. Set © = (X, Y, Z), then, ift € [0, T],
T

T T
Dy, = Dyt — / DyZ.dB, + / (Dog)(s, ©s)ds + / (Vg)(s, ©s), DyOs)ds
t t t

Moreover, {D;Y; :0 <t < T} isa version of {Z; :0 <t < T}.

Rhoss B. Likibi Pellat (AIMS-Ghana)

June 28, 2022 9 /20



Family of truncated generators

Consider (Y",Z"),>1 satisfying the BSDE

T T
Y[ =¢ +/ gn(s, Y, Z0)ds — / Z!dBs, )
i t

where (gn)neN:
gn(t,y,z) = g(t, pn(y), pn(2)) (6)

Pn - RY — Rda z = pn(2) = (Pn(21),-- -, Pn(2d4)), n € N.
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Family of truncated generators

Consider (Y",Z"),>1 satisfying the BSDE

T T
Y[ =¢ +/ gn(s, Y, Z0)ds — / Z!dBs, )
i t

where (gn)neN:
gn(t,y,z) = g(t, pn(y), pn(2)) (6)

Pn - RY — Rda z = pn(2) = (Pn(21),-- -, Pn(2d4)), n € N.

n+1, X>n+2,
pn(x) = § X, x| < n, (7)
—(n+1), x < —(n+2).

V pn uniformly bounded by 1, and converges to 1 locally uniformly.
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Family of truncated generators

® Uniform bounds of (Y",Z"),en

For each n € N, the BSDE (5) has a unique solution
(Y™, Z") € S®(R) x H2(RY). In addition, the process Z" € Hgmo, and

sup,en |E(Z" % B)|lamo < T?). There exists r > 1 independent of n such that
suppen [|€(Z" * B)||1r < o0.
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® Uniform bounds of (Y",Z") ey

For each n € N, the BSDE (5) has a unique solution
(Y™, Z") € S®(R) x H2(RY). In addition, the process Z" € Hgmo, and

sup,en |E(Z" % B)|lamo < T?). There exists r > 1 independent of n such that
suppen [|€(Z" * B)||1r < o0.

® Uniform Ly 5 x (Ly2)? norms of (Y, Z") pen.

Suppose £ € DY>°. Then the solution ©" = (Y",Z"),en to BSDE (5) belongs to
L1s x (L12)?. A version of {(D,Y{,D,Z") :0 < u,t < T} is given by

D,Y] =0 and D,Z =0, ift € [0, u),
T
D,Y" =D,¢ — / D,Z"dB, (8)
t

+ / [(Dugn)(s, ©7) + ((Ven)(s, ©7), D,ON]ds, if t € [u, T].
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T T
Viw) = (X)) + / g(s, X2(), e, Z2)ds — / Zdw,

(AX): b is bounded and measurable.
(AY): ¢ : R — R is continuous, measurable and uniformly bounded; g is a
measurable function: ||g(%,0,0,0)|/s < Ao
lg(t,x,y,2) — g(t, X, y, 2)| < A1+ Iyl + [F(lyDIz[]7)|x = X,
lg(t,x,y,2) —g(t,x,y", 2) < Ay(1+ (Iz]| + [Z'])ly — V']

+ A1+ (F(yD) + FUy' D2l + 12Dz -

where f € L} _(R,R,) is locally bounded and

loc

AY1): ¢ and g are continuously differentiable in (x,y, z) and for « € (0, 1)
Vxg(t, x,y,2)| < A(1+ |y| + [F(Iy)|2]]%),
IVyeg(t,x,y,z)| < Ay(1+]2]%),
IV25(t,x,y,2)| < A(1+ £(|y[)|z]),
Vx| < Ag(1+ |x]),

Rhoss B. Likibi Pellat (AIMS-Ghana) June 28, 2022
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Under (AX), (AY) and (AY1) a version of (D, Y, DyZ{)u,tcjo, 1] is the unique
solution to the BSDE

T T
Dy Y7 = V(X5 DuXE — / D,Z;dB, + / V.g(s, X2, Y2, Z2)D,Xxds
t t
)
+ / V,g(s, XX, Y, ZX)D, Yds + / V.g(s, XX, YX, ZX)D,Z*ds,
t

where D, X* is the Malliavin derivative of the process X*.
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The case of SDEs with C[;‘ drift

® We assume now
(AX1) 38 € (0,1) s.t. b€ L=([0, T]; C(RY; RY)),
— L°°([o, T; Cf(Rd;Rd)) is the space of vector fields b : [0, T] x RY — RY
having all components in L°°([0, T]; CbB(Rd)) and L°°([0, TT; CE(R")) stands
for the set of all bounded Borel functions b : [0, T] x R? — R such that

[blp,r = sup_ sup 12(8X) = B()]

t€[0, T] x4y €Rd Ix —ylP

Under Assumption (AX1), the solution (X;) to the forward equation is Malliavin
differentiable and for any p > 2

sup E[ sup |DsX{|P] < oc. ©)
0<s<t s<t<T
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The case of SDEs with C: drift

Sketch of proof

® Fix A >0 uy € L=([0, c0); C2TP(RY)) ( ) solves:
Oruy + Luy — Auy = —b, (t,x) € [0, +o0) x R,

where Luy = 1/2Auy + b - Duy,.
® For ) large enough, W, (t,x) = x + u,(t, x) is C?-diffeomorphism
® Let us consider the following SDE
ot

ot
Xe=y +/ E(V,)?V)var/ 5(v,X,)dB, tels, T] (10)
S s
where b(t,y) = —Aux(t, W} (t,y)) and 5(t,y) = DW,(t, W' (t,Y)).
® From Theorem 2.2.1 in we have Vp > 2
sup E[ sup \DS)NQ\P] < 0.
0<s<t s<t<T
® The chain rule for Malliavin calculus

E[ sup |DsX:|P] < CE[ sup |DX;:|P] < oo.

s<t<T s<t<T
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The case of SDEs with C: drift

Representation of the derivatives

® Under (AX) or (AX1), the representation of Ds X} is missing in the literature.
Indeed,

DSX; = 1s§t </d + )

since b’ is just a distribution
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The case of SDEs with C: drift

Representation of the derivatives

® Under (AX) or (AX1), the representation of Ds X} is missing in the literature.
Indeed,

DSX; = 1s§t </d + )

since b’ is just a distribution
® In one dimension: Under (AX), the following holds for s < t

DX = exp <— /:/Rb(s,y)LX(d&dy))
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The case of SDEs with C: drift

Representation of the derivatives

® Under (AX) or (AX1), the representation of DX is missing in the literature.
Indeed,

DSX; = 1s§t </d + )

since b’ is just a distribution

® In one dimension: Under (AX), the following holds for s < t

DX = exp <— /:/Rb(s,y)LX(d&dy))

® In multi-dimension: Under (AX1),for any 5’ € (0, 3) we have:

(DXX 6,J+Z/ DXXJdeJ(bX) Vi,je{l,---,d}.

where V(b X) = AX[0,b/] for every t > 0 and j, k € {1,--- ,d}
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The case of SDEs with Céj drift

Suppose (AX1), (AY) and (AY1) a version of (D,Y{, DyZ{ )y tepo, 1] is the unique
solution to the BSDE

T T
Dy YX = V(X2 Dy X% — / D,ZXdB, + / V,eg(s, XX, YX, ZX)DyXds,
t t
T T
+ / Vag(s, X2, Y2, ZX)DyZ5ds + / V,g(s, Xz, Y, ZX)D, Yxds,
t t

Moreover, {D; Y : 0 < t < T} is continuous a version of {ZF :0<t < T} and
D, Y (VX)) = Vi Y,
ZE(ViX{) = Vi YY,
D, ZX (VX)) = Vi Z
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Zhang's path regularity

® Oy = {t,' =< ---<ty= T} and |5N| = MaXo<i<N ‘t,'+1 = t,"

Lemma
Under (AX1), (AY) and (AY1) it holds: For all p > 2,

N—-1

E{(/ttﬁl |Z; — Zt,.|2dt)p/2} < C(,D)|5N|p/2

—0 i

1

where

Zi = t;+11— t;E[ /:H sts/ gt'}’
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Convergence rate

® We consider this family of truncated BSDE

T T
gn(s, Xs, Y7, Z0)ds — / ZdB;, (11)

Jt

W:¢Mﬂ+/

t

where: g,(t,x,v,z) = g(t,x, pn(y), pa(z)) and p, is given by (7)
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Convergence rate

® We consider this family of truncated BSDE

STs ST

gn(s, X, YS”.ZS”)dsf/ ZdB;, (11)

t

W:¢Mﬂ+/

t

where: g,(t,x,v,z) = g(t,x, pn(y), pa(z)) and p, is given by (7)

T p
E[ sup |Y — Yi|?P + (/ |z — Zt|2dt) ]
t€[0, T} 0

., T pqg 1
gn[n«:@( sup |vt"fvt\2pq+(/ |Zt”th|2dt) )}
te[0,T] 0]

(s [ (v 2 o)

0
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Convergence rate

® We consider this family of truncated BSDE

STs ST

gn(s, X, YS”.ZS”)dsf/ ZdB;, (11)

t

W:¢Mﬂ+/

t

where: g,(t,x,v,z) = g(t,x, pn(y), pa(z)) and p, is given by (7)

T B
E[ sup Y7 — Y,[?P + (/ |Z{’—Zt|2dt) ]
tel0,T] 0

., T pqg 1
gn[nz@( sup |vt"fvt\2pq+(/ |Zt”th|2dt) )}
te[0,T] 0]

Q" T ~0\/n n n n 2 2pq %7
<c(B | | (180 = Yol +10(20) - Z31) ds] )
® From properties of 5 and the uniform boundedness of Y we have:

2
(|ﬁ( YY) =Y+ p(Z) — Zs"\) < 8((TON2L yoism + 12212142050 )
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Thanks for your attention!
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