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Main results

Main results:

Consider the Markovian Forward-Backward SDE
X x
t (ω) = x +

∫ t

0

b(s,X x
s (ω))ds + Wt ,

Y x
t (ω) = φ(X x

T (ω)) +

∫ T

t

g(s,X x
s (ω),Ys ,Zs)ds −

∫ T

t

ZsdWs

(1)

Our aim is to show:

(i) (1) is di�erentiable w.r.t ω ∈ Ω (Malliavin derivative):
→ g allows this type of non-linearities: f (|y |)|z |2; ∀f ∈ L1Loc(R+),
→ b bounded and measurable (can be discontinuous).

(ii) (1) is di�erentiable w.r.t. x ∈ Rd (Classical derivative):
→ b ∈ L∞([0,T ];Cβb (Rd)), β ∈ (0, 1)

(iii) The explicit convergence rate holds for any p ≥ 2

E
[

sup
t∈[0,T ]

|Y n
t − Yt |2p +

(∫ T

0

|Z n
t − Zt |2dt

)p]
≤ C (p, κ)n

−κ
4q .

where κ > 0.
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Motivation

Classical results


X x
t (ω) = x +

∫ t

0

b(s,X x
s (ω))ds +

∫ t

0

σ(s,X x
s (ω))dWs ,

Y x
t (ω) = φ(X x

T (ω)) +

∫ T

t

g(s,X x
s (ω),Ys ,Zs)ds −

∫ T

t

ZsdWs

(2)

X E. Pardoux & S. Peng(1992)
→ Lipschitz framework

X S. Ankirchner & P. Imkeller & G. Dos Reis(2007)

→ g(t, x , y , z) = `(t, x , y , z) + α|z |2 with ` ∈ C 1 and Lipschitz in (x , y , z).

X P. Imkeller & G. Dos Reis (2010)

→ |g(t, x , y , z)| ≤ C(1 + |y |+ |z |2).

X C. Frei & G. Dos Reis (2013)

→ |g(t, x , y , z)| ≤ C(1 + |y |+ (1 + |y |k)|z |+ |z |2), k ∈ N.
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Motivation

Regularity of the coe�cients

Assume that (b, σ, φ, g) satisfy:

→ |(b, σ)(t, x)| ≤ C (1 + |x |) b, σ ∈ C 1
b and b′, σ′ are Lipschitz in x

→ φ, g continuously di�erentiable with bounded derivatives.

Then the Malliavin derivatives of (Y x ,Z x) solution to (2) satis�es:

DθY
x
t = ∇xφ(X x

T )DθX
x
T −

∫ T

t

DθZ
x
s dBs +

∫ T

t

∇xg(s,X x
s ,Y

x
s ,Z

x
s )DθX

x
s ds

+

∫ T

t

∇yg(s,X x
s ,Y

x
s ,Z

x
s )DθY

x
s ds +

∫ T

t

∇zg(s,X x
s ,Y

x
s ,Z

x
s )DθZ

x
s ds, (3)

where θ → DθX
x
· : Malliavin derivative of X x in (2) given by:

DθX
x
t = 1θ≤t

{
σ(s,X x

s ) +

∫ t

θ

∇xσ(s,X x
s )DθX

x
s dBs +

∫ t

θ

∇xb(s,X x
s )DθX

x
s ds

}

IMPORTANT:

Good regularities of (b, σ) + (φ, g) =⇒ well posedness of (3)
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Motivation

Non-smooth drift

The QUESTION??

What if b is non-smooth? or non-Lipschitz continuous?

X The results in the aforementioned papers (ref. therein) Do Not Cover It !!!

X The equation (3) is Not Solved!!!

Bounded and measurable drift

The forward equation in (1) has a unique strong solution X x
t ∈ L2(Ω;W 1,2

loc (Rd))
O. Menoukeu Pamen et al. (2013), S.E.A. Mohammed et al. (2015) s.t. ∀p ≥ 1
supx∈R sups∈[0,t] E [|DsX

x
t |p] <∞

X R.L.P. et al. A class of quadratic forward-backward SDEs J.Math. Anal.
Appl.(2022)

→ Malliavin derivative of (X t,x ,Y t,x ,Z t,x) with measurable coe�cients
→ Using the smoothness of the "weak decoupled �eld"

→ DO NOT PROVIDE a representation of the derivatives
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Existence and Uniqueness

Standing assumptions

Given T > 0 and d ∈ N\{0},

Yt = ξ +

∫ T

t

g(s, ω,Ys ,Zs)ds −
∫ T

t

ZsdWs . (4)

(A1) ξ is an FT -measurable ‖ξ‖L∞ <∞;
(A2) g : [0,T ]× Ω× R× Rd → R is F-predictable and continuous in (y , z) and

‖g(t, 0, 0)‖L∞ ≤ Λ0, α ∈ (0, 1) P-a.s.

|g(t, ·, y , z)− g(t, ·, y ′, z ′)| ≤ Λy

(
1 + |z |α + |z ′|α

)
|y − y ′|

+ Λz

(
1 + (f (|y |) + f (|y ′|))(|z |+ |z ′|)

)
|z − z ′|

f ∈ L1loc(R) increasing and locally bounded.

Under (A1) and (A2) g satis�es:

|g(t, ·, y , z)| ≤ Λ0 + Λy |y |+ Λz(|z |+ f (|y |)|z |2) a.s.
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Existence and Uniqueness

Solvability and bounds

→ Bahlali(2019)

Theorem (Solvability)

Under (A1) and (A2), the BSDE (4) has a unique solution
(Y ,Z ) ∈ S∞(R)×H2(Rd).

Explicit bounds for (Y ,Z )

Lemma (Bounds)

Under (A1) and (A2) we have

‖Y ‖S∞ ≤ Υ(1) := (‖ξ‖L∞ + Λ0T )eΛyT ,

‖Z ∗ B‖BMO ≤ Υ(2) := 2Υ(1)
(

Υ(1) + T (Λ0 + Λz + ΛyΥ(1))
)

exp(4‖(1 + Λz f )‖L1[0,Υ(1)]).

‖M‖BMO = supτ ‖E[〈M〉T − 〈M〉τ ]/Fτ‖1/2∞ <∞,
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Malliavin Di�erentiability of abstract BSDEs

Additional assumptions

(B1) ξ ∈ D1,∞, g is continuously di�erentiable in (y , z), α ∈ (0, 1)

|∇yg(t, y , z)| ≤ Λy (1 + |z |α) a.s.,

|∇zg(t, y , z)| ≤ Λz(1 + f (|y |)|z |) a.s.,

(B2) (g(t, y , z))t∈[0,T ] ∈ L1,2p(R), ∃ (Ku(t))u,t∈[0,T ], (K̃u(t))u,t∈[0,T ] s.t.∫ T

0

sup
0≤t≤T

E|Ku(t)|2pdu + ‖K̃u(t)‖2pS2p <∞,

|Dug(t, y , z)| ≤ Ku(t)(1 + |y |+ f (|y |)|z |α) + K̃u(t)(1 + |z |α + f (|y |)|z |) a.s.

Theorem

Let (A1),(A2), (B1) and (B2) be in force. Set Θ = (X ,Y ,Z ), then, if t ∈ [θ,T ],

DθYt = Dθξ −
∫ T

t

DθZsdBs +

∫ T

t

(Dθg)(s,Θs)ds +

∫ T

t

〈(∇g)(s,Θs),DθΘs〉ds

Moreover, {DtYt : 0 ≤ t ≤ T} is a version of {Zt : 0 ≤ t ≤ T}.
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Malliavin Di�erentiability of abstract BSDEs Family of truncated generators

Consider (Y n,Z n)n≥1 satisfying the BSDE

Y n
t = ξ +

∫ T

t

gn(s,Y n
s ,Z

n
s )ds −

∫ T

t

Z n
s dBs , (5)

where (gn)n∈N:
gn(t, y , z) := g(t, ρ̃n(y), ρn(z)) (6)

ρn : Rd → Rd , z 7→ ρn(z) = (ρ̃n(z1), . . . , ρ̃n(zd)), n ∈ N.

ρ̃n(x) =


n + 1, x > n + 2,

x , |x | ≤ n,

−(n + 1), x < −(n + 2).

(7)

∇ρ̃n uniformly bounded by 1, and converges to 1 locally uniformly.
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Malliavin Di�erentiability of abstract BSDEs Family of truncated generators

Uniform bounds of (Y n,Z n)n∈N

Lemma

For each n ∈ N, the BSDE (5) has a unique solution
(Y n,Z n) ∈ S∞(R)×H2(Rd). In addition, the process Z n ∈ HBMO , and
supn∈N ‖E(Z n ∗ B)‖BMO ≤ Υ(2). There exists r > 1 independent of n such that
supn∈N ‖E(Z n ∗ B)‖Lr <∞.

Uniform L1,2 × (L1,2)d norms of (Y n,Z n)n∈N.

Lemma

Suppose ξ ∈ D1,∞. Then the solution Θn = (Y n,Z n)n∈N to BSDE (5) belongs to
L1,2 × (L1,2)d . A version of {(DuY

n
t ,DuZ

n
t ) : 0 ≤ u, t ≤ T} is given by

DuY
n
t =0 and DuZ

n
t = 0, if t ∈ [0, u),

DuY
n
t =Duξ −

∫ T

t

DuZ
n
s dBs (8)

+

∫ T

t

[(Dugn)(s,Θn
s ) + 〈(∇gn)(s,Θn

s ),DuΘn
s 〉] ds, if t ∈ [u,T ].
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Di�erentiability of Markovian FBSDEs


X x
t (ω) = x +

∫ t

0

b(s,X x
s (ω))ds + Wt ,

Y x
t (ω) = φ(X x

T (ω)) +

∫ T

t

g(s,X x
s (ω),Ys ,Zs)ds −

∫ T

t

ZsdWs

(AX): b is bounded and measurable.
(AY): φ : R→ R is continuous, measurable and uniformly bounded; g is a

measurable function: ‖g(t, 0, 0, 0)‖∞ ≤ Λ0

|g(t, x , y , z)− g(t, x ′, y , z)| ≤ Λx(1 + |y |+ [f (|y |)|z |]α)|x − x ′|,
|g(t, x , y , z)− g(t, x , y ′, z ′)| ≤ Λy (1 + (|z |+ |z ′|))|y − y ′|

+ Λz(1 + (f (|y |) + f (|y ′|))(|z |+ |z ′|))|z − z ′|),
where f ∈ L1loc(R,R+) is locally bounded and non-decreasing.

(AY1): φ and g are continuously di�erentiable in (x , y , z) and for α ∈ (0, 1)

|∇xg(t, x , y , z)| ≤ Λx(1 + |y |+ [f (|y |)|z |]α),

|∇yg(t, x , y , z)| ≤ Λy (1 + |z |α),

|∇zg(t, x , y , z)| ≤ Λz(1 + f (|y |)|z |),
|∇xφ| ≤ Λφ(1 + |x |),

where K > 0.Rhoss B. Likibi Pellat (AIMS-Ghana) June 28, 2022 12 / 20



Di�erentiability of Markovian FBSDEs

Theorem (R.L.P.,P. Imkeller & O.Menoukeu-Pamen )

Under (AX), (AY) and (AY1) a version of (DuY
x
t ,DuZ

x
t )u,t∈[0,T ] is the unique

solution to the BSDE

DuY
x
t = ∇xφ(X x

T )DuX
x
T −

∫ T

t

DuZ
x
s dBs +

∫ T

t

∇xg(s,X x
s ,Y

x
s ,Z

x
s )DuX

x
s ds

+

∫ T

t

∇yg(s,X x
s ,Y

x
s ,Z

x
s )DuY

x
s ds +

∫ T

t

∇zg(s,X x
s ,Y

x
s ,Z

x
s )DuZ

x
s ds,

where DuX
x is the Malliavin derivative of the process X x .
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Di�erentiability of Markovian FBSDEs The case of SDEs with C
β
b

drift

We assume now
(AX1) ∃β ∈ (0, 1) s.t. b ∈ L∞([0,T ];Cβb (Rd ;Rd)),

→ L∞([0,T ];Cβb (Rd ;Rd )) is the space of vector �elds b : [0,T ]× Rd → Rd

having all components in L∞([0,T ];Cβb (Rd )) and L∞([0,T ];Cβb (Rd )) stands

for the set of all bounded Borel functions b : [0,T ]× Rd → R such that

[b]β,T = sup
t∈[0,T ]

sup
x 6=y∈Rd

|b(t, x)− b(t, y)|
|x − y |β

<∞

Lemma

Under Assumption (AX1), the solution (X x
t ) to the forward equation is Malliavin

di�erentiable and for any p ≥ 2

sup
0≤s≤t

E
[

sup
s≤t≤T

|DsX
x
t |p
]
<∞. (9)
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Di�erentiability of Markovian FBSDEs The case of SDEs with C
β
b

drift

Sketch of proof

Fix λ > 0 uλ ∈ L∞([0,∞);C 2+β
b (Rd)) (F.Flandoli et al. (2009)) solves:

∂tuλ + Luλ − λuλ = −b, (t, x) ∈ [0,+∞)× Rd ,

where Luλ = 1/2∆uλ + b · Duλ.
For λ large enough, Ψλ(t, x) = x + uλ(t, x) is C 2-di�eomorphism

Let us consider the following SDE

X̃t = y +

∫ t

s

b̃(v , X̃v )dv +

∫ t

s

σ̃(v , X̃v )dBv t ∈ [s,T ] (10)

where b̃(t, y) = −λuλ(t,Ψ−1λ (t, y)) and σ̃(t, y) = DΨλ(t,Ψ−1λ (t, y)).
From Theorem 2.2.1 in Nualart we have ∀p ≥ 2

sup
0≤s≤t

E[ sup
s≤t≤T

|Ds X̃t |p] <∞.

The chain rule for Malliavin calculus

E[ sup
s≤t≤T

|DsXt |p] ≤ CE[ sup
s≤t≤T

|Ds X̃t |p] <∞.
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Di�erentiability of Markovian FBSDEs The case of SDEs with C
β
b

drift

Representation of the derivatives

Under (AX) or (AX1), the representation of DsX
x
t is missing in the literature.

Indeed,

DsX
x
t = 1s≤t

(
Id +

∫ t

s

b′(s,Xs)DsX
x
v dv

)
ill-posed!! since b′ is just a distribution

In one dimension: Under (AX), the following holds for s ≤ t

DsX
x
t = exp

(
−
∫ t

s

∫
R
b(s, y)LX (ds, dy)

)

In multi-dimension: Under (AX1),for any β′ ∈ (0, β) we have: K. Lê (2020)

(D i
sX

x
t )j = δi,j +

d∑
k=1

∫ t

s

(D i
sX

x
v )jdV k,j

v (b,X ), ∀i , j ∈ {1, · · · , d}.

where V k,j
t (b,X ) = AX

t [∂kb
j ] for every t ≥ 0 and j , k ∈ {1, · · · , d}
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Di�erentiability of Markovian FBSDEs The case of SDEs with C
β
b

drift

Theorem (R.L.P., P. Imkeller & O. Menoukeu-Pamen)

Suppose (AX1), (AY) and (AY1) a version of (DuY
x
t ,DuZ

x
t )u,t∈[0,T ] is the unique

solution to the BSDE

DuY
x
t = ∇xφ(X x

T )DuX
x
T −

∫ T

t

DuZ
x
s dBs +

∫ T

t

∇xg(s,X x
s ,Y

x
s ,Z

x
s )DuX

x
s ds,

+

∫ T

t

∇zg(s,X x
s ,Y

x
s ,Z

x
s )DuZ

x
s ds +

∫ T

t

∇yg(s,X x
s ,Y

x
s ,Z

x
s )DuY

x
s ds,

Moreover, {DtY
x
t : 0 ≤ t ≤ T} is continuous a version of {Z x

t : 0 ≤ t ≤ T} and

DuY
x
t (∇xX

x
u ) = ∇xY

x
t ,

Z x
t (∇xX

x
t ) = ∇xY

x
t ,

DuZ
x
t (∇xX

x
t ) = ∇xZ

x
t
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Applications

Zhang's path regularity

δN = {ti : 0 = t0 < · · · < tN = T} and |δN | = max0≤i≤N |ti+1 − ti |

Lemma

Under (AX1), (AY) and (AY1) it holds: For all p ≥ 2,

N−1∑
i=0

E
[( ∫ ti+1

ti

|Zt − Zti |2dt
)p/2]

≤ C (p)|δN |p/2

where

Z̃ δNti =
1

ti+1 − ti
E
[ ∫ ti+1

ti

Zsds
/
Fti

]
,
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Applications

Convergence rate

We consider this family of truncated BSDE

Y n
t = φ(XT ) +

∫ T

t

gn(s,Xs ,Y
n
s ,Z

n
s )ds −

∫ T

t

Z n
s dBs , (11)

where: gn(t, x , y , z) = g(t, x , ρ̃n(y), ρn(z)) and ρ̃n is given by (7)

E
[

sup
t∈[0,T ]

|Y n
t − Yt |2p +

(∫ T

0

|Z n
t − Zt |2dt

)p]
≤Π

[
EQn

(
sup

t∈[0,T ]

|Y n
t − Yt |2pq +

(∫ T

0

|Z n
t − Zt |2dt

)pq)] 1q
,

≤C
(
EQn

[ ∫ T

0

(
|ρ̃(Y n

s )− Y n
s |+ |ρ(Z n

s )− Z n
s |
)2
ds
]2pq) 1

2q

From properties of ρ̃ and the uniform boundedness of Y n we have:(
|ρ̃(Y n

s )− Y n
s |+ |ρ(Z n

s )− Z n
s |
)2
≤ 8((Υ(1))2I{|Y n

s |>n} + |Z n
s |2I{|Z n

s |>n})
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End

Thanks for your attention!
Merci pour votre attention!
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