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Master equation with common noise

@ The master equation with common noise

O V(t,x, ) + 1+TﬂzAV(t,x7u) — H(x, 1, 0x V(t, x, 11))
+NV =0, in(0,T)xRYx P(RY), (1)
V(T x, 1) = G(x, ),

where H : RY x Py(RY) x R = R, G : R? x Pr(R?) — R and

NV = tr(IE[l—i—iﬂ2

2 a)?,uv(taxvﬂag)+B2axuv(tvxvﬂ“a£)

2 ~ ~
{0Vt 5,11, €), DpH(E. 1, V(8. E. ) + 2 B0V (£, E.)) ).
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Mean field game

o Let r.v. £ be such that £¢ = v and let X&', X5 be
, t
X =+ [ alds+ Bt 987,
0
t
X5 = ¢4 / asds + By + BBY.
0
o Let (Y&oho z&ala 70&a'a) golye
€0 £ T
a'a Ne] o
Y: = G(X7 7£x$‘*|30) "‘/t L(Xsfa aasaﬁxf’ﬂBO)

T / T /
— / Z&5 e dBg — / 728> dpY,
t t
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Mean field game

@ The cost functional
J(p; o a) = E[Yé;al’a].
@ The minimization problem

V(i ) = inf J(p; o a).

Definition (Nash equilibrium)

We say that (o, u*) is a Nash equilibrium for the above mean
field game if

V(wa) = J(pia™,a7) and py = Lycor go-
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Characterization of Nash eqilibrium

@ By the Girsanov Theorem and comparison principle for
BSDEs, we have

.
a _
X

€+ By +BBY,

)
Ve = GO ) - [ MO 2 s
t

T * * T *
—/ Z& dB¢ —/ 79" dB?,
t

t

(2

where af = —0,H(X&, 13, Z&") and dBY" = ajdt + dB;.
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Characterization of the Nash eqilibrium

@ At the Nash equilibrium, we have the following FBSDE system
t
x¢ =£f/ OpH(XE . Ly o Z6) + Be + BB,
Y Xg\BO +/ 7 X§ Bov_ap ( ’EXE\BO’ SE))dS
7/ zdef/ z9¢dBY.
t t

o Y5 =V(0,¢ p).
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FBSDEs

@ The master equation (1) is equivalent to the following
forward-backward McKean-Vlasov SDEs

t

Xf:é—/o BPH(XS€7‘CXS§|Bovzs§)+Bf+6B?7

3 3 T
Yt = G(XT7LX75_‘BO)+/ L(ngvﬁxﬁ‘BOv_aP (X ‘cxf‘Bm E))dS

t 'S
T T

7/ Z'Sstf/ z24dBY,
XX,ﬁ_X_/ aP Xf‘Bovst’g)J’_Bf_'_ﬁB?v

!
P = GO L o) + / LS, Ly o —OpHOXES, Ly gor Z5°6))ds
t S 'S

T T
_/ ZX8dBs — / Z70*:¢dBY,
t t
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Literature for global wellposedness

Buckdahn-Li-Peng-Rainer (2017)
© Linear equation, not MFG, so monotonicity is not required

Chassagneux-Crisan-Delarue (2014), Carmona-Delarue (2018),
Cardaliaguet-Delarue-Lasry-Lions (2019)
© Separable H and Lasry-Lions monotonicity

M.-Zhang (2019), Bertucci (2021), Cardaliaguet-Souganidis (2021)
& same as above, weak solutions

Gangbo-Meszaros (2020), Bensoussan-Graber-Yam (2020)
o Potential MFG with displacement monotonicity

@ Cecchin-Delarue (2022)
© Potential MFG without monotonicity, weak solutions
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Literature for global wellposedness

@ Bayraktar-Cohen (2018), Bertucci-Lasry-Lions (2019), Bertucci
(2020), Bertucci-Cecchin (2022)
¢ Finite state MFG with Lasry-Lions monotonicity

@ Bayraktar-Cecchin-Cohen-Delarue (2019), Cecchin-Delarue (2020)
¢ Finite state MFG without monotonicity

@ Gomes-Voskanyan (2013), Carmona-Lacker (2015),
Carmona-Delarue (2018), Cardaliaguet-Lehalle (2018),
Kobeissi (2020)

o MFGC with Lasry-Lions monotonicity
o MFG system, not master equation
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Our works

@ Gangbo-Meszaros-M.-Zhang (2021)
o MFG master equation with non-separable H and displacement
monotonicity

@ M.-Zhang (2022a)
© MFG master equation with anti-monotonicity

@ M.-Zhang (2022b)
¢ MFGC master equation with Lasry-Lions monotonicity,
displacement monotonicity, anti-monotonicity
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Road map

@ Step 1: Assume that H and G satisfy certain monotonicity
condition. Show that the solution V of the master equation
propagates the monotonicity condition.

@ Step 2: Using the monotonicity condition of V' (not the data
H and G), show that V is Lipschitz continuous in u with
respect to the metric Wa/Wj.

@ Step 2': Wh-Lipschitz continuity implies W;-Lipschitz
continuity.

@ Step 3: Use Wi-Lipschitz continuity of V to patch local
solutions to obtain a global one.
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Lasry-Lions monotonicity

Lasry-Lions monotonicity

Definition (Lasry-Lions monotonicity)

We say that G : RY x P(RY) — R is Lasry-Lions monotone if
Vé1, &

E[G(&1, Le,) + G(&2, Le,) — G(&1, Le,) — G(&2, L, )] > 0.

@ If G is smooth, then the Lasry-Lions monotonicity is
equivalent to V&, 7



Propagation of monotonicity for MFG
©00000

Displacement monotonicity

Outline

@ Propagation of monotonicity for MFG

@ Displacement monotonicity



Propagation of monotonicity for MFG
©0®0000

Displacement monotonicity

Displacement monotonicity

Definition (Displacement monotonicity)

We say that G : RY x P(RY) — R is displacement monotone if

v§17€2
E[(0xG(&1, Le,) — 0xG(&2, Le,), &1 — €2)] > 0.

@ If G is smooth, then the displacement monotonicity is
equivalent to V&, 7

E[(0xG (& Le)n,n) + (E[0xu G (&, Le, E)ifl.m)] = 0.
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Displacement monotonicity

Displacement monotonicity

@ We find the displacement monotonicity assumption for
non-separable H to guarantee the uniqueness of MFG system
and thus we are able to derive the global well-posedness of the
master equation.

Definition (Displacement monotonicity on H)

We say that H : RY x P(R9) x RY — R is displacement monotone
if V&€, n and Vo € C}(RY; RY)

displ{ H(n,n) == E [<3xxH(£, Le, o(€))n,m)] + (Eldxu H(E, Le, €, 0(€))ifl, m)

2 (@€, 1, (€)™ L0 (e, . €, (D] <.




Propagation of monotonicity for MFG
000e00

Displacement monotonicity

Displacement monotonicity

@ It remains a challenge to extend the Lasry-Lions monotonicity
assumption for non-separable Hamiltonian H to guarantee the
uniqueness of the mean field game.
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Displacement monotonicity

Propagation of monotonicity

@ Consider
.
X = 6 [ 0aHO £ 0V(5, X, £ + B+ 8L,
0
t
Xy = 77—/ OpxH(Xs) + B, [0p H(Xs, X5 )6 Xi]
0
+0pp H(X)[E £, [0xp V(Xs, X5 )0 Xs] + O V(X5 )0 X5 ] ds.
@ Define B
Dy = J} + J2 .= E[(l, 6Xe)] + Iz, 6X¢)]
where

It = Bz, [0, V(Xe, Xt)0X:]  and T := 9 V(Xe )3 X
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Displacement monotonicity

Propagation of monotonicity

Bt = B[ @pH(Xt)le, h) = (B, [0 H(Xe, )55, T — o)

(B 7, [0 H(Xe, X0 ) 5K, 5xt>] .

and
Do = B[ = |0ppH(X0) 3 + F[* = (B [0ps HOXe, K)OX, e + o)
(B, [ H(Xe, Xe)8Xe] + Do H(Xe)5 Xe, 5xt>]
- ]E[ — |BppH(Xe) 2 [l + ) + %8PPH(Xt)*%fEa [Opn H(Xe, K)o Xe]|?

+disply V(40P (6, 5xt)] .
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Anti-monotonicity

Anti-monotonicity

Definition (Anti-monotonicity)

We say that G : RY x P(RY) — R is anti-monotone if, for some
appropriate constants ci, ¢ > 0,

E[(0G (&, Le)n,m) + (B[0xu G (€, Le, €], m)]
< —E[all8«G(E Lol — | B[0x.G(€, Le, E)IIP] Ve, n.

@ See a more general condition in the paper.
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Anti-monotonicity

Propagation of anti-monotonicity

@ Denote
Ae =E[c1|0G (&, L)) + 2l Er [0xu G (& Lo, )P

@ Assume that G is anti-monotone, i.e. D7 + A7 < 0. Then,
under certain condition on H, we are able to show that

D;+A; >0, Vt
which implies that

D:+ A <0, Vt.
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@ The dynamic at the Nash equilibrium:

Xi = f—i—/ot aids+Bi+BBY; v = L(x,ar)Bo; e = Lx,|go-
@ The control at the Nash equilibrium:
ay = —0pH(Xe,ve, Zt),  Zp := 0V (t, Xe, ir)
@ The fixed point :

vt = Lixear) = LXe,—0,H(Xen,22) = Ve = V(L(x,,2,))-
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MFGC Master equations

@ The MFGC master equation

{ BeV(t, %, 1) + LAV (£, x, 1) — H(x, Lie oo nys Ox V(£ x, 1)
+NV =0, in(0,T)xR?xP(RY),
V(T x, ) = G(x, ),

. (5)
where H(x, L n), p) := H(x,% (L)), p) and

2
NV = tr(E [#&?u Vi(t,x, 1, &)+ ﬁ28w V(t, x, 11, )

_<au V(t7 X [y 5)7 ap”:l(ga £(§,8XV(t,§,,u))7 6X V(t7 6, IU/))>

/82

—|—?[~E[8/m V(t,x, u, 57 f)]} ) :
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Propagation of monotonicity

@ The condition for H to propagate the displacement monotonicity:

E (@ AE)n, )] + (Eldsw, A, &)l m)
3 @A) — 19102 AE, Vow) ™ HEI(Gpun A, E) + s ACE, )] < 0

@ Assume above and G is displacement monotone, then V(t,-,-) is displacement
monotone for all t.

@ Similarly we can derive conditions for Lasry-Lions monotonicity and
anti-monotoncity.



Thank you for your attention!
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