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BSDEs and BSAEs

Forward Backward Stochastic Differential Equations (FBSDEs)
t t
Xi==z +/ b(s, Xs)ds +/ o(s,Xs)dBs, 0<t<T
0 0

T T
Y: = g(X7) +/ f(s, Xs,Ys, Zs)ds 7/ ZsdBs
t t

Replacing (B;)icjo, 7] by a random walk (B}):cjo,7) what kind of convergence
one can expect:

(Y)tero, 115 (Z¢)teror) = (Yo)iepo, 115 (Ze)teo,r))?
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Forward Backward Stochastic Differential Equations (FBSDEs)
t t
Xi==z +/ b(s, Xs)ds +/ o(s,Xs)dBs, 0<t<T
0 0

T T
Y;f = g(XT) + / f(sa Xsa Y;3 Zs)ds - / stBs
t t

Replacing (B;)icjo, 7] by a random walk (B}):cjo,7) what kind of convergence
one can expect:

(Y3 eero,m)5 (Z)ecor)) = (Ye)eeo,r)s (Ze)ieo,)?

Briand, Delyon and Mémin (2001)
If b,0, f and g are Lipschitz and (B}')c[o,7] such that
supg<;<r |Bf' — B¢| = 0, n — oo, in probability, then

T
sup |V —Y;|? —|—/ |Z" — Z,|*ds — 0 when n — oo in probability.
0<t<T 0
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BSDEs and BSAEs

Random walk approximation of the Brownian motion
Let ty := kh, k = 0,...,n be a regular grid of [0, 7], where 1 = L and define
[t/h]
B :=Vh Z ¢j, (g5)7—1 i.i.d. Rademacher rv.: P(e; = +1) = §
j=1
[B"]: =h Zjl(tjfl.t_,](t) quadratic variation.
j=1
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o Donsker's Theorem:
Convergence of the processes in the Skorokhod space DI[0,T] :

(B:L)te[O,T] — (Bt)tE[O,T] in distribution.
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BSDEs and BSAEs

Random walk approximation of the Brownian motion
Let ty := kh, k =0, ...,n be a regular grid of [0, 7], where i = L and define

[t/h]
B :=Vh Z ¢j, (g5)7—1 i.i.d. Rademacher rv.: P(e; = +1) = §
j=1

[B"], = h,Zjlm,l.t_,](t) quadratic variation.
Jj=1

o Donsker's Theorem:
Convergence of the processes in the Skorokhod space DI[0,T] :

(B:L)te[O,T] — (Bt)tE[O,T] in distribution.

o We get the FBSAE (Forward-backward stochastic difference equation)

Xp=u+t / b(s, X7 )d[B"), + / o(s, X )dB!,
(0,]

(0,2]
ve =g+ [ pexrvrzdE. - [z, o<i<t,
(t,7T] (t,7]
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BSDEs and BSAEs

BSDEs and BSAEs

T T
Ytzg(le,..,BsKH/ f(s,Ys,Zs)ds—/ Z.dB,
t t

B d-dimensional d > 2, = (BJ’) does not possess the representation property.
(M) is a martingale orthogonal to (B}) :

V" =g(B{,..B{) + f(s, Y2, Z3)d[B"] */ ZdB{ — (M7 — M)
(t,T) (t,T)
Cheridito and Stadje (2013): BSDEs and BSAEs

f sub-quadratic growth in z, Lipschitz in y, g bounded and Lipschitz and
(B )tejo,) such that

E[SUPogth |BP — By|?)] =+ 0, n — oo, then

t t 2
E[ sup <|Yt"—Yt|+’/ ngBg—/ ZsdBs —|—|Mt”|) ] — 0 when n — oco.
0 0

0<t<T
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BSDEs and BSAEs

Other results

Random walk schemes: convergence in probability or weak convergence:

o Nakayama (2002) (multidimensional), Toldo (2005) (with random terminal
time), Numerical schemes: Ma, Protter, San Martin and Torres (2002)
(path-dependent terminal condition), Peng, Xu (2008) (Implicit and explicit
schemes for BSDEs) Mémin, Peng and Xu (2008), Martinez, San Martin
and Torres (2011) (reflected BSDEs), Janczak (2008, 2009) (generalized
reflected BSDEs with random terminal time),...
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Random walk schemes: convergence in probability or weak convergence:

o Nakayama (2002) (multidimensional), Toldo (2005) (with random terminal
time), Numerical schemes: Ma, Protter, San Martin and Torres (2002)
(path-dependent terminal condition), Peng, Xu (2008) (Implicit and explicit
schemes for BSDEs) Mémin, Peng and Xu (2008), Martinez, San Martin
and Torres (2011) (reflected BSDEs), Janczak (2008, 2009) (generalized
reflected BSDEs with random terminal time),...

Time discretization schemes with Ly or L,-rate (p > 2)

o Zhang (2004) Bouchard & Touzi (2004) ,..., Richou (2011), Lionnet &
dos Reis & Szpruch (2016), S. Geiss & Ylinen (2018) (regularity of Y),
Han & Jentzen (2017), Chassagneux, Richou (2019), Sun et al.
(2022),...
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reflected BSDEs with random terminal time),...

Time discretization schemes with Ly or L,-rate (p > 2)

o Zhang (2004) Bouchard & Touzi (2004) ,..., Richou (2011), Lionnet &
dos Reis & Szpruch (2016), S. Geiss & Ylinen (2018) (regularity of Y),
Han & Jentzen (2017), Chassagneux, Richou (2019), Sun et al.
(2022),...

Random walk schemes: with Lo-rate

o C.G., Labart, Luoto (2020, 2021)
f Lipschitz, g e-Holder continuous:

T 1
sup (B|Y,—Y;"[)} < Cn” i, (E / Zi~272dt)” < Con™F forB € (0,5)
o<t<T 0
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BSDEs and BSAEs

Why only n=17

o C.G., Labart, Luoto (2020, 2021)
f Lipschitz, g e-Holder continuous:

T

1
sup (B[Y,—~Y;"[)} < Cn” i, (E / Z~272dt)" < Con™F forB € (0,5)
o<t<T 0
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BSDEs and BSAEs

Why only n=17

o C.G., Labart, Luoto (2020, 2021)
f Lipschitz, g e-Holder continuous:

T 1
sup (B[Y,—~Y;"[)} < Cn” i, (E / Z~272dt)" < Con™F forB € (0,5)
o<t<T 0

o B™ is constructed from B by Skorohod embedding:
(E|B} — Br|*)? < Cn™3

= the rate for (Y, Z") — (Y, Z) can not be expected to be better.
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BSDEs and BSAEs

Why only n=17

o C.G., Labart, Luoto (2020, 2021)
f Lipschitz, g e-Holder continuous:

T 1
sup (B[Y,—~Y;"[)} < Cn” i, (E / Z~272dt)" < Con™F forB € (0,5)
o<t<T 0

o B™ is constructed from B by Skorohod embedding:
(E|B} — Br|*)? < Cn™3

= the rate for (Y, Z") — (Y, Z) can not be expected to be better.

o Changing the metric to improve the rate?
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Wasserstein distances

Wasserstein distances

For r > 0 put t,(z) := el*I" — 1. For a real random variable X we define the
Orlicz norm

(I X ||, :=inf{a >0:E[¢.(X/a)] <1}, inf ) := +o00.

Then for any p > 0,

Xl < (sup {22V 1
= U8\ @)

For X, X’ random variables with law(X) = pu,law(X’) = v and r > 1,

Gr-

W, (1,v) = Wy, (X, X') = i {[[¥ = V'], < law(Y) = g, law(¥") = v}

is a metric, the Wasserstein distance associated to ;..
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Wasserstein convergence rates for B — B

Wasserstein convergence rates for B — B

Theorem 1 (Rio (2009))
(Xk)kZI i.id. with

E[X;] =0,

E[X}] =1, and

E [eX11] < 400 for some ¢ > 0.
Let G ~ N(0,1).

Then 3C > 0 such that, forn > 1,

X1++Xn —
Wy, <n1/2’g> <CnY2,
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Wasserstein convergence rates for B — B

Forx e Rand 0 <t <s<T we put
Bz’m =x+ B, — B B?vt’m .=z + B — B}".

Lemma 2 (Briand, C.G., S.Geiss, Labart (2021))
@ 3C >0 such thatVx e Rand0<t<s<T,
Wy, (BM4®, Bb) < CVTn~ V2

@ Ifg:R — R is e-Hélder continuous (0 < ¢ < 1), then Yz € R and
0<t<s<T,

[E [g (B:")] —E[g (B:7)]] < Clgll-n=%,

for some C = C(T).
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

T T
Y; = g(Br) —|—/ f(s,Bs,Ys, Zs)ds — / ZsdBy
t t

Assumption 1

e, a0 € (0,1]:
@ ¢g:R — R is e-Hblder continuous: Yz, 2’ € R
lg(x) = g ()| < llglle & — 2|
@ f:[0,T|xRXxRxR—RV(tz,y,z) and (t',2',y,2")
|f(t,l’,y,2’) - f (tlaxlvylvzl)l
< fella 1t =21+ felle l = "1+ | Flluip (ly — ¥’ + 12 = 2')).
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

Theorem 3 (Briand, C.G., S.Geiss, Labart (2021))

Assume that Assumption 1 holds. Then there exists a constant C. > 0, depending
at most on (T, a, €, f,g) such that for all x € R,

@ Wy, (Yh=YE") <Co(1+ |z)*n™ "2 forall 0<t<s<T,

@ Wy, (205, 207) < C. % n~(@73)  forall s € [t,T].

In particular, for any p € [1,00], there exists a constant C,, > 0, depending at
most on (T, «, e, f, g,p) such that for all x € R,

@ W, ([ Yt Yie) <Cp(1+ |z))n= (@5 forall 0<t<s<T,

@ W, (2P, Z07) < Gy (ij%s n=(@73)  forall s € [t,T].

The rate is optimal: If g(x) = z and f = 0 we have YTn’O’O = B} and Y})’O = Brp,
and it holds
lim n2 W, (Y00 v20) >

n—oo

T>

DN =
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

Idea of the proof: using the connection

FBSDE <= semilinear heat equation

FBSAE <= finite difference equation
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

Idea of the proof: using the connection

FBSDE <= semilinear heat equation
convergence T
FBSAE <= finite difference equation
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

FBSDE <= semilinear heat equation

{ Opu(t, x) + %Au(t,x) + f(t,z,u(t,z), Vu(t,z)) =0, (t,2) € [0,T) x R

U(T, ) =49,
is associated to the FBSDE

T T
Yt=g<BT>+/ f(Bs,Ys,Zs)ds—/ Z,dB,, 0<t<T.
t t

<: Ys =u(s,B;s) and Z, = Vu(s, By).

=
T
ut,z) =E g(B?m)+-/P fr,Bp® Y50, Z5%) dr
t
t,zn BT — By T to rtax ooy Br— Dt
Vu(t,z) =B |g(Bf") = —— + f (r, BL=, Vb 7t )7tdr ,
- t r—

(t,z) € [0,T) x R.
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)
For the semilinear heat equation

{ 6‘tu(t,x) + %Au(tax) + f(taxa u(tvI)a Vu(t,x)) = 07 (t, JJ) c [O,T) % R

’LL(T, ) =9,

we define the finite difference scheme letting

L'u(z) = % (u(x +Vh) +u(z — Vh) — 2u(x)>
Vhu(z) = % (u(x +Vh) —u(x - \/E))
Oult) = (ult+h)— ()

and t; = kh. Then

{ 8{1U”(tk,.’£) + LhUn(tk+1,£C) + f(tk+1,:v, U”(tk,x), VhUn(tk_;_l,it)) =0,
k=0,...,n—1

U (tn, ) = g(x).
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

FBSAE <= finite difference equation
finite difference equation

(%lUn(tk, l‘) + LhUn(tk+1, .’L') + f(tk+17 x, Un(tk, LL‘)7 VhUn(tk+1, .’L')) =0,

k=0,...,n—1
U"(t,mx) :g(x).
FBSAE
Y;: = }/tZ+1 +hf (tk+laB&7}/tZ;Z&+l) - \/EZEC+1€]€+1
Yp = (B%)7 k=0,...,n—1
< Y =U"(t,Bp), Z} =V"U"(ty,B}_)),
=

U"(t,x) = Eg(Bp"") + E f(s, BM5" ybe znta)d[Bn], 0<t<T.

sy Lg—

(t,T]
. Bn,t,:c —r Bn,t,ac —z
VhU"(t + h,x) =E |g(Bp" )% + () ————d[B"],
t (t,T] s—1
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

Theorem 4

Under Assumption 1 there exists a constant C' > 0 depending at most on
(T,a,e, f,g) such that fork=0,...,n—1

@ |u(t,z) —U™(ty,z)] < C(1+|z))sn= ("3 forall (t,z) € R X [tg,trs1),

@ |Vu(t,z) — VU (tyy1,2)| < C (HT‘flf n—(ang)
for all (t,x) € R X [tg, tky1)-
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Wasserstein convergence rates for (Y, Z™) — (Y, Z)

Open question: the path dependent case (How to construct Malliavin weights?)

First answer: approximation of the Brownian motion by random walk without
Skorohod embedding.
Theorem 5 (Briand, C.G., S.Geiss, Labart)
(Bt)iefo,r) on (Q, F,P). Then one can construct
@ an extension (', F', ')
® &1, ...,e, independent Rademacher rv such that for p € (0, 00)

logn
vn

1/p
(EIP’/ sup |By — Btn|p> <C
t€[0,T)
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