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Optimal Control of the Fokker-Planck equation

inf
pα,mq

ż T

0

ż

Rd

Lpx , αpt, xqqdmptqpxqdt `

ż T

0

f pmptqqdt ` gpmpT qq

where pm, αq P Cpr0,T s,P2pRd
qq ˆ L2

mptqbdtpr0,T s ˆ Rd ,Rd
q satisfy the Fokker-Planck

equation

"

Btm ` divpαmq ´∆m “ 0 in p0,T q ˆ Rd

mp0q “ m0 P P2pRd
q

and the state constraint Ψpmptqq ď 0 for all t P r0,T s.
Notations:

‚ T is a finite horizon

‚ running cost L : Rd
ˆ Rd

ÞÑ R, convex in the second variable

‚ f : P2pRd
q ÞÑ R mean-field running cost

‚ g : P2pRd
q ÞÑ R mean field terminal cost

‚ Ψ : P2pRd
q ÞÑ R is the constraint
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‚ This is motivated by the problem of quantile hedging in financial mathematics: see
Föllmer and Leukert ’1999, Bouchard et al. ’2009.

‚ Typically Ψpmq “

ż

Rd

hpxqdmpxq for some h : Rd
Ñ R (expectation constraint) or

Ψpmq “ F p

ż

Rd

h1pxqdmpxq, . . . ,

ż

Rd

hkpxqdmpxqq

Main questions:

‚ Existence of solutions (compactness / controllability)

‚ Characterization of solutions

‚ Regularity of optimal controls / optimal trajectories
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Link with Mean Field Game theory

When there is no constraint pΨ “ 0q Lasry and Lions proved the following, where
Hpx , pq :“ sup

qPRd

´p.q ´ Lpx , qq

Theorem (Lasry/Lions 2007)

Under standing assumptions (precised later) optimal solutions exist and satisfy

αpt, xq “ ´DpHpx ,Dupt, xqq

for some (strong) solution pu,mq of the mean field game system of pdes

$

’

’

&

’

’

%

´Btupt, xq ` Hpx ,Dupt, xqq ´∆upt, xq “
δf

δm
pmptq, xq in p0,T q ˆ Rd

Btm ´ divpDpHpx ,Dupt, xqqmq ´∆m “ 0 in p0,T q ˆ Rd

mp0q “ m0, upT , xq “
δg

δm
pmpT q, xq in Rd

For the associated mean-field game, u is the value function of an infinitesimal player
m is the density of the players at equilibrium
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Assumptions

We define the Hamiltonian of the system by Hpx , pq :“ sup
qPRd

t´p.q ´ Lpx , qqu.

H belongs to C3
pRd

ˆ Rd
q and there exists a positive constant C such that, for all

px , pq P Rd
ˆ Rd

$

’

’

’

&

’

’

’

%

´C ` 1
C
|p|2 ď Hpx , pq ď C ` C |p|2

H and its derivatives are bounded on sets of the form Rd
ˆ Bp0,Rq.

|DxHpx , pq| ď Cp1` |p|q
1
C
Id ď D2

ppHpx , pq ď CId

For U “ f , g ,Ψ, U is C 1 with bounded linear derivative and x ÞÑ
δU

δm
pm, xq belongs to

C 3
b pRd

q.
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Ψ is a convex function with two (smooth in the space variables) linear derivatives and
satisfies the geometric condition

ż

Rd

|DmΨpm, xq|2dmpxq ě η1, whenever |Ψpmq| ď η2

for some η1, η2 ą 0.
Recall that Ψ : P2pRd

q ÞÑ R has a (bounded) linear derivative at m if there exists a

bounded continuous map pm, xq P P2pRd
q ˆ Rd

ÞÑ
δΨ

δm
pm, xq such that, for all

m1 P P2pRd
q,

lim
εÑ0

Ψpp1´ εqm ` εm1q ´Ψpmq

ε
“

ż

Rd

δΨ

δm
pm, xqdm1pxq.

We define the intrinsic derivative DmΨpm, xq :“ Dx
δΨ
δm
pm, xq which corresponds to the

Wasserstein gradient ∇wΨ from optimal transport.
In this case

ż

Rd

|DmΨpm, xq|2dmpxq “ }∇wΨpmq}2
TanmpP2pRd qq.
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Main Result

Theorem (D. 2021)

Assume that Ψpm0q ă 0 and the above assumptions hold. Then, optimal solutions exist
and satisfy α “ ´DpHpx ,Duq for some solution pu,m, νq of the PDE system

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

´Btupt, xq ` Hpx ,Dupt, xqq ´∆upt, xq

“ νptq
δΨ

δm
pmptq, xq `

δf

δm
pmptq, xq in p0,T q ˆ Rd ,

Btm ´ divpDpHpx ,Dupt, xqqmq ´∆m “ 0 in p0,T q ˆ Rd ,

upT , xq “ νpT q
δΨ

δm
pmpT q, xq `

δg

δm
pmpT q, xq in Rd ,

mp0q “ m0.

where u PW 1,8
pr0,T s ˆ Rd

q
Ş

Cpr0,T s, C3
bpRd

qq, m P Cpr0,T s,P2pRd
qq and

ν P L8pr0,T sq satisfies

νptq “

"

0 if Ψpmptqq ă 0
νptq P R` if Ψpmptqq “ 0.
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Theorem (continued)

Moreover:

‚ The value of the problem is

ż

Rd

up0, xqdm0pxq `

ż T

0

f pmptqqdt ` gpmpT qq

‚ the optimal control is Lipschitz continuous in time and space.

‚ the map t ÞÑ Ψpmptqq is C 1 in r0,T s and C 2 in r0,T s
Ş

tt,Ψpmptqq ă 0u.

‚ If f , g and Ψ are convex functions the conditions are sufficient: if pu,m, νq is a
solution of the above system and Ψpmptqq ď 0 for all t P r0,T s then
pm,´DpHpx ,Duqq is optimal.
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A penalized Problem

For small parameters ε, δ ą 0 we consider the penalized problem

inf
pm,αq

Jε,δpα,mq (Pε,δ)

where the infimum is taken over the solutions pα,mq of the FP equation

Btm ` divpαmq ´∆m “ 0, mp0q “ m0

and Jε,δ is defined by

Jε,δpα,mq :“

ż T

0

ż

Rd

Lpx , αpt, xqqdmptqpxqdt `

ż T

0

f pmptqqdt

`
1

ε

ż T

0

Ψ`pmptqqdt ` gpmpT qq `
1

δ
Ψ`pmpT qq

“ Jpα,mq `
1

ε

ż T

0

Ψ`pmptqqdt `
1

δ
Ψ`pmpT qq.

and Ψ`pmq “ Ψpmq _ 0 “ maxpΨpmq, 0q.

Remark

Not a standard problem because r ÞÑ maxp0, rq is not differentiable at 0.
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Proposition

Problem Pε,δ admits at least one solution and, for any solution pα,mq of Pε,δ there exist
u P Cpr0,T s, C3

bpRd
qq, λ P L8pr0,T sq and β P r0, 1s such that α “ ´DpHpx ,Dupt, xqq

and

$

’

’

’

’

’

&

’

’

’

’

’

%

´Btupt, xq ` Hpx ,Dupt, xqq ´∆upt, xq

“
λptq

ε

δΨ

δm
pmptq, xq `

δf

δm
pt,mptq, xq in p0,T q ˆ Rd ,

Btm ´ divpDpHpx ,Dupt, xqqmq ´∆m “ 0 in p0,T q ˆ Rd ,

mp0q “ m0, upT , xq “
β

δ

δΨ

δm
pmpT q, xq `

δg

δm
pmpT q, xq in Rd .,

Moreover, λ and β satisfy

λptq

$

&

%

“ 0 if Ψpmptqq ă 0
P r0, 1s if Ψpmptqq “ 0
“ 1 if Ψpmptqq ą 0

β

$

&

%

“ 0 if ΨpmpT qq ă 0
P r0, 1s if ΨpmpT qq “ 0
“ 1 if ΨpmpT qq ą 0.
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Uniform estimates with respect to ε and δ

Question: How can we pass to the limit when ε, δ Ñ 0 ?

Recall that Ψ satisfies

ż

Rd

|DmΨpm, xq|2dmpxq ě η1 whenever |Ψpmq| ď η2.

Lemma (Construction of admissible strategies for the constrained problem)

There is some trajectory pα,mq starting from m0 satisfying Jpm, αq ă `8 and
Ψpmptqq ď maxpΨpm0q,´η2q for all t P r0,T s.

Proof.

‚ By a fixed point argument build a solution to

´Btm ´ CdivpDmΨpmptq, xqmq ´∆m “ 0, mp0q “ m0

for C ą 0 sufficiently large.

‚ Use Itô’s formula for flows of probability measures to find

d

dt
Ψpmptqq “ ´C

ż

Rd

|DmΨpmptq, xq|2dmptqpxq `

ż

Rd

divxDmΨpmptq, xqdmptqpxq

‚ conclude that d
dt

Ψpmptqq ď 0 whenever Ψpmptqq ě maxpΨpm0q,´η2q and therefore
Ψpmptqq ď maxpΨpm0q,´η2q for all t P r0,T s.
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Using the previous lemma and the convexity of Ψ we can prove the key estimate

Lemma

There is a constant M ą 0 such that, for all ε, δ ą 0 and for all tuple pu,m, λ, βq
satisfying the optimality conditions for the penalized problem it holds

1

ε

ż T

0

λptqdt `
β

δ
ď M.

As a consequence we have the uniform estimates

sup
pt,xqPr0,T sˆRd

|Dkupt, xq| ď CpMq

for some CpMq ą 0 and k “ 0, ..., 3.

‚ with the above estimates we could pass to the limit and find a solution to the
constrained problem with ν a priori in Mpr0,T sq (finite measures over r0,T s).

‚ we can actually do better
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Second order Analysis and regularity of optimal solutions

‚ Goal: Show the existence of ε0, δ0 such that Ψpmε,δ
ptqq ď 0, @t P r0,T s whenever

mε,δ is a solution to the penalized problem with ε ď ε0 and δ ď δ0.

‚ Strategy: look at t ÞÑ
d2

dt2
Ψpmε,δ

ptqq at maximum points of t ÞÑ Ψpmε,δ
ptqq

Proposition

Suppose that pm, u, λ, βq is a solution of the optimality conditions for the penalized
problem for some ε, δ ą 0. Then the map t Ñ Ψpmptqq is C1 in r0,T s and C2 in
r0,T s

Ş

tΨpmptqq ‰ 0u with

d2

dt2
Ψpmptqq “

λptq

ε

ż

Rd

DmΨpmptq, xq.D2
ppHpx ,Dupt, xqqDmΨpmptq, xqdmptqpxq

` F pDuptq,D2uptq,D∆uptq,mptqq

for some functional F : CbpRd ,Rd
q ˆ CbpRd , Sd

pRqq ˆ CbpRd ,Rd
q ˆ P2pRd

q independent
of ε and δ and bounded in sets of the form Aˆ P2pRd

q for bounded subsets A of
CbpRd ,Rd

q ˆ CbpRd , Sd
pRqq ˆ CbpRd ,Rd

q.
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Proof of the main theorem

‚ We show that Ψpmε,δ
ptqq ď 0 for all t P r0,T s whenever ε and δ are small enough.

‚ Suppose that t ÞÑ Ψpmε,δ
ptqq has a maximum point at t̄ P p0,T q such that

Ψpmε,δ
pt̄qq ą 0. By second order condition it must hold

d2

dt2
Ψpmε,δ

pt̄qq ď 0.

‚ Using the previous proposition we get

d2

dt2
Ψpmε,δ

ptqq

„
1

ε

ż

Rd

DmΨpmε,δ
ptq, xq.D2

ppHpx ,Du
ε,δ
pt, xqqDmΨpmε,δ

ptq, xqdmε,δ
ptqpxq

ě
C

ε

ż

Rd

|DmΨpmε,δ
ptq, xq|2dmε,δ

ptqpxq ě
C

ε

which leads to a contradiction if ε is small enough.
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Conclusion

‚ We proved existence of optimal solutions for the problem with constraint

‚ We characterized the optimal solutions/controls with a MFG system associated with
an exclusion condition

‚ We proved that optimal controls are Lipshitz-continuous in time and space
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Thank you for your attention !
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