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Introduction to mean-field and path-dependent equations
Introduction to mean-field games/control



Motivation for master equations

» Approximate the large system by McKean-Vlasov SDE:

dX(t) = b(X(t), L(x(1),a(r))> (0)dt + o (X(t), Lix (1), (), @(£))dW (1)

» Mean field controls via dynamical programming principle = HJB equation

Ocu(t,x, p) + sup H(u, a, &su, du, 89,1, BXQu) =0
a€A

» Mean field games via HJB+FP lead to

du(t,x, p) 4 F(u, 8xu, 82u, d,u, 8:9,u) = 0
where (x, ) € R? x Po(RY), and 9, u is Lions' derivative.
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du(t,x, p) 4 F(u, 8xu, 82u, d,u, 8:9,u) = 0
where (x, ) € R? x Po(RY), and 9, u is Lions' derivative.

» Lions, Cardaliaguet '12: Lions' derivative and first-order master equation;

» Buckdahn-Li-Peng-Rainer '17, Buckdahn-Li-Peng '09, Buckdahn-Djehiche-Li-Peng '09,
Carmona-Delarue '13: second order master equations;

» Bensoussan-Frehse-Yam '15,'17: measures with 1.2 density functions;

» Cardadiaguet-Delarue-Lasry-Lions '19, Chassagneux-Crisan-Delarue '15: fully second
order master equation;

» Mou-Zhang 20, Cosso-Gozzi-Kharroubi-Pham-Rosestolato 21, Cecchin-Delarue '22:
weak solution and viscosity solution,



Introduction to mean-field and path-dependent equations

A path-dependent framework



Path-dependent partial differential equation

» In practice, problems can be path-dependent/non-Markovian: e.g. pricing for singular
options, delayed control problems, rough volatility...

» Motivated by state-dependent stochastic control, consider the following PPDE:
{ Oru(t,w) + H(u, Oy, aiu) =0

u(wa) = (D(WT)7 w e C([OvTLRd)’

where 9, u is vertical derivative.

» Functional It6 calculus: Dupire '09, Cont-Fournié '10, '13

» Smooth/Viscosity solutions: Wang-Peng '16, Ekren-Touzi-Zhang '14, '16, '18, Zhou "20,
'21, Cosso-Gozzi-Rosestolato-Russo 21...



Mean-field PPDE

» For smooth parameters (by, ba, o1, 02)(t,w, i), we consider path-dependent master
equation:

Buat w, ) + YT [02u(t, 0, wo10T] + 3Tt [or30T [ Dr s, , s yu( )]
+ b2 [ dpu(t,w, p,w)p(dw’) + b1duu(t, w, p)
+f(t: w, u(t’ W, ,LL), 8wu(t)w’ /J')v 22 [/u(t,Wl",u)) =0

(T, w, p) = ®(wr, pr).



Mean-field PPDE

» For smooth parameters (by, ba, o1, 02)(t,w, i), we consider path-dependent master
equation:

Su(t,w, p) + %Tr [02u(t,w, pw)o107] + %Tr [0203 [z OurOpu(t,w, p,w’ )pu(dw')]
+ by fc Apu(t,w, p, w ) p(dw’) + b1 dwu(t,w, p)
HE(t, w, u(t, w, p), Buwu(t,w, ), pt, Lo we,py) = 0
u(T,w, u) = ®(wr, pr).
» Examples: say by = by = 0,01 =02 =1
(i) The state-dependent case: (f, @) has a state-dependent form:

f(t,w,v,2, 1, v) = F(t,w(t),y, z, u(t),v),
(T, w, ) = G(w(T), w(T)).
(ii) PPDEs: f(t,w,v,z,u,v) = H(t,w,v,z), ®(T,w,pu) = I(wr).
(iii) The path-measure dependent case:
f(t,w,v,2,p,0) = J(t, 7, 1),
(T, w, p) = K(pr).
(iv) Hybrid cases: "path-dependent” + "state-dependent”



Dupire's vertical derivative+ Lions' derivative

Definition (Dupire's horizontal derivative)
f(t,w) : [0, T] x D} — R, is horizontally differentiable at (t,w) if 3 &:f(t, w:) € R,

f(t+h,w) — £(t,w;) = O:f(t,w) h+o(h), h— 0.

Definition (Dupire's vertical derivative)

Suppose f(t,w) non-anticipative. f is vertically differentiable at (t,w), if
3 0uf(t,w) € RY,

f(t7w + Xl[t,T]) - f(t7w) = awf(t7 UJ) CX A+ O(|X|)7 x — 0.
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Suppose f(t,w) non-anticipative. f is vertically differentiable at (t,w), if
3 0uf(t,w) € RY,

f(t7w + Xl[t,T]) - f(t7w) = awf(t7 UJ) CX A+ O(|X|)7 x — 0.

Definition (Lions' derivative for path-measures)

£(t, 1) : [0,T] x Py — R is Fréchet vertically differentiable at (t, u) if its lift
f(t, X) (i.e. f(t,X) := f(t, p) with £(X) = p) is Fréchet differentiable at (t, X):
3 measurable 9, f(t, 1, @) : [0, T] x Py x Df — R

£(t, X + 1) = £(t, X) + E"[8.6(t, 1, X) - €] + o([|€]l12), VE € Li(F, RY).



It6-Lions-Dupire calculus

Suppose

{ dX(r) = a(r)dr + b(r)dB(r), { dX’(r) = c(r)dr + d(r)dB/(r),
Xe=r, t>t Xl=mn, >t

Theorem (Tang-Z.'21)
For any (t,7,n) € [0,T] x D4 x (M5), and f € ‘5;’2’1’1(113)1‘1). We have

f(S’Xa LX’) - f(tv'y?ﬁn)
= / 8Yf(r7X7LX’)dr + / 8wf(r7X7‘cX’)dX(r)
t t
1 s ~ D/ s ~ ~
to T (02 £(r, Xe, Ly )A(X) (1)] + E [/ Auf(r, X, Lxr, X")dX'(1)]
t

t
+ %fEf"/ Tt [00uf(r, X, Lx/, X)d(r)d(r))dr,  VWs > t.
t

€]

()



Path-dependent master equation in the smooth case
Strong vertical derivative and partial It6 formula



Solve mean-field PPDE via probability in a nutshell

» Consider the case by = by = 0,01 = oo = 1 firstly, i.e.
8[Ll(t7 w, .U“) + %Tr [auz.zu(tv w, N)] + %Tr [fc 8w/(9”u(t7 Wi [y w/)ﬂ(dw/)]
+f(t7 w, u(t7 W, /‘)7 8wu(t7 w, .U‘)’ H, Eu(t,\‘("#,u)) =0

w(T,w, p) = (wr, pr)-

> W (1) = (1)1, (T) + V(1) + w(r) — w17 (r) € DY Ly = p
» If uis the solution,

u(t -+, e, o) — u(t, ye, pe) = u(t + b, ye, o) F Efu(t + b, BY, Ly )] — u(t, v, w)

1. u(t,y, u) —u(t 4+ h, B, Lpn ) = Y0 (t) — YToMt(t 4 h) =
! ft[+h f ds 4+ martingale", need "flow property of MFBSDEs"

2. u(t+h, v, me) —u(t 4+ h, B, Ly ) =
"8?/u + 87/ Oyu + martingale", need "partial It6's formula"



Strong vertical derivative

Definition (strong vertical derivative)
We call f(t,w) strongly vertically differentiable at (t,w), if V7 < t, 3 9, f(t,w) s.t. V
x € RY,

f(t,w +x17 1)) = f(t,w) + O, f(t,w) - x + o([x]), asx — 0.

O, f(t,w) is called strong vertical derivative of f at (7, t, w).

» For functionals on ’P]23, definition of SVD is similar.
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Corollary (Partial Ito-Lions-Dupire formula, Tang-Z."21)
Suppose f € %@?ﬁQ’l’l(DT’d). Then we have that forany t <s <v < T,

f(v, X57 ‘CX[) - f(V, Yty ‘Cﬁt)
s 1 S
= / Do, £(v, X, L )dX(r) + 3 / Tr [92, (v, Xe, Lx)d(X)(r)]
t t

B[ 0, Xe, L0 KOV ()] B [T (95,0, 805, Xe, L ()
t t



Example
Suppose £ : [0, T] x D — R, F(t, x): [0,T] x RY smooth

(-

(2).

(3).

(State dependent case) f(t, w) := F(t, w(t)), F(-,-) : [0,T] x R* = R
VT17T27"' s Ty S [Oyt]7

9f(t,w) = OF(t,w (1), Oy, -+ Oy f(t,w) = DEIF(t, w(t)).

(Integral functionals) f(t,w) := fO F(r,w(t))dr.V 71,72, -+ , 7 € [0,1],

Of(t,w) = F(t, w(t)), 8"""7 "'8w,1 f(t,w) = /‘t D;g’iF(r,w(r))dr

-
where 7 = max; <i<i{7}.
(Time delayed functionals) ®(T,w) := F(w(tg)), to € (0,T),

B, (T, w) = :F(w(t0)) 110,10 (1)-

. (Piecewise constant functionals) Given a partition of [0, T]: 0 = tg < t; < - -+

n—1

f(t,w) := Z F; (w(ti))l[t;,t;+1)(t)'
i=0

awr t w ZDF Ot (T)l[tnt'Jrl)()

tn:T



Path-dependent master equation in the smooth case

Solve mean-field PPDE via BSDEs



The Feyman-Kac formula argument

» For any (t,v,u) € ]IAI)TA7 consider
.
Y"/nnl(s) — (I)(B’?"ﬁls;’f) +/ f(B?‘,Y%’"‘(r),ZW"”‘(r),EB?[,Eynt(r))dr

T

- [ wreae, el

(2)
where Y = Y|, _, solves the mean-field BSDE
T

Y (s) = q)(B?t’ ['B‘?l) —+ / f(B;’h , Y™ (t), Z’rh(r)7 EB:]t s EY”( (r))dr
) : 3

- / Zm(5)dB(r), s € [t,T].

» The decoupling field u(t, y, p) := Y747 (1) € R.



Well-posedness of smooth path-dependent master equation

Proposition (Tang-Z. 21)
Suppose that (f, @) € ‘550{)2’1’1. Then BSDE solution (YY0t Z7V6"t) is twice strongly

vertically differentiable at (t,~y, ). In particular, u € ‘55%2’1’1 (]ﬁ)T,d).

Theorem (Tang-Z. '21)
There exists a unique u : [0, T] X C X 'Pg — R,

Owu(t,w, p) + %Tr [02u(t,w, p)o1oi] + %Tr [o202 Je B Opu(t, w, p, w")p(dw’)]
+ ba [ dpu(t,w, g, W )p(dw’) 4+ b1duu(t,w, 1)
+f(t7 w, u(tv W, /”/)7 8Wu(tv W, /*")7 H, L"u(t,\X"“ ,u.)) =0

u(T,w, 1) = P(wr, ).



The non-smooth case
Non-smooth case and general vertical derivative



Back to PPDE

» Suppose F smooth on RY, consider ty < T,

8tu7 iT 83,11, =Y

u(T,w) = Fw(t)), (L) € [0,T] x C.

The above equation only has a viscosity solution no matter how smooth F is.
» Peng ICM '10: Which PPDEs correlate with non-Markovian BSDE ?

» Viscosity solution or more: loss of regularity? quadratic equations?



Vertical derivative for random variables

» Let P be a continuous martingale measure on canonical space (Qr, F®) with
(B), < Kt, P— as..

> S2 = {f(w),f € C2(Qr),i.e.(Ouf(w), Ouf(w:)) s.t. cts.+ poly. growth}.
- LP(QT), Vp > 1.

» LP the completion of $3 under norm
- 1
[£(w) I3 := sup[Ep|f(w:)|*dd] 2
D [0;[]

» Consider operator

D:=(9,,02): $2 — ([O,T]><QT,RdEBRdXd,[IEPfOT|.|2dt]%)
flw) > (Buf(w), B2f(w!))

Lemma 1. (Z. 22+) Differential operator D is closable in L3,



General vertical derivative and its application

» Let HY be the completion of S2 under norm

(@)l + [[(Duf(w.), 2 E(w.)) a2 0,1 x 2r)

> D= (d,,02) : Hh — ([0,T] x Qr, R @ R [ ] - [2de]2)
» I1t6-Dupire formula holds on HJ.



General vertical derivative and its application

» Let HY be the completion of S2 under norm
(@)l + [[(Duf(w.), 2 E(w.)) a2 0,1 x 2r)
> D= (2.,05) : Hb — ([0.T) x Qr, R @ R, [Bp [ |- [*d1)2)
» I1t6-Dupire formula holds on HJ.
Proposition 2. (Z.'22+) For f € Cﬁ(R"d)7 and0 <ty <--- <ty < T, then
() = f(w(t1), - ,w(tm)) € Hp.
In particular Hy is dense in LQ(QT), and
T 1 [T
& =£(0) +/ O f(w)dB(t) + 5/ Tr[02 f(w:)]d(B);, P —a.s..
0 0

Proposition 3. (Z.'22+) For any smooth F with polynomial growth, and
t; <tg < ... <ty < T, there exists a unique solution u € C([0, T], Hj) to

{ Aw(t,w) + %Tr [Gf,u(t,w)} =0,
u(T,w) = F(w(t1),w(t2), ..., w(ta)).



Thanks for your attension !



