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Introduction

We consider the following PHJB equation:

O: V(’Yt) A H(’Yt, V(’Yt)7 Ox V(’Yt), Oxx V(’Yt)) =0, (157 ’yt) & [07 T) X A, ( )
1
V(vr) = ¢(vr), 1 €Ar,

where, for every (t,y:,r,p,1) € [0, T] x A x R x R? x [(RY),
HOwrp ) = supl(p. boe e))ss + 5tello(re, o (e, u)]
+q(7e, 1,0 (e, u)p, )],
Here A; := C([0, t]; RY); A := Usepo,np Aei o the transpose of the matrix o,
F(RY) the set of all (d x d) symmetric matrices and (-, )z« the scalar product

of R?. ~, is an element of A; d; is horizontal derivative, while Oy, dx are first-

and second-order vertical derivatives, respectively (see Dupire (2009)).
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The associated controlled equation:
dX704(s) = b(XJ0Y, u(s))ds + o (XY, u(s))dW(s),
X;/t’u =7t € /\t-

{W(t),t > 0} is an n-dimensional standard Wiener process; the control
process u takes values in some metric space (U, d). We wish to maximize a
cost functional of the form:

J(ve,u) := Y1), (£,7:) € [0, TT XA, (3)

over U[t, T], where the process Y7*" is defined by BSDE:

;
Yi(s) = ¢(X¥“")+/ q(X", Y7eu (1), 275 (1), u(1))dl

—/TZ'“’”(/)dW(I), as., all seft, T]. (4)

s
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We define the value functional of the optimal control problem:

V(7e) := esssupyyeure, ) Y70 (1), (t,7) € [0, TI x A (5)

We will develop a concept of viscosity solutions to PHJB equations on the
space of continuous paths and show that the value functional V defined in (5)
is unique viscosity solution to the PHJB equation given in (1) when the
coefficients b, o, g and ¢ only satisfy Lipschitz conditions under maximal norm

| - [lo with respect to the path function.



Introduction

@ the path space At is an infinite dimensional Banach space

@ the maximal norm || - ||o is not Gateaux differentiable

Noticing that the value functional is only Lipschitz continuous
under || - ||o with respect to the path function, the auxiliary
functional in the proof of uniqueness should includes the term

|| - [|2™ or a functional which is equivalent to || - [[3™. The lack of
smoothness of || - ||2™ makes it more difficult to define the viscosity

solutions and to prove its uniqueness.
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Definition 1

We say f € Co2(A%;R) for some fixed t € [0, T) if f € CJ(A";R) and for any
X € Sq4(F) for all g > 1 satisfying X is a continuous semi-martingale on

[s, T] C [t, T], there exist 9;f € CJ(A;R), d«f € CJ(A;;R?) and

Ouf € Co(N'; S(R?)) such that, for any 3 € [s, T],

fX) = f(X5)+/§8tf(X,)dl+%/gaxxf(x,)dw)(l)

+ /§ BF(X))dX(l), P-a.s. (6)

v

We say f € CJ(A%; K) if f is continuous in s on A’ under d~ and grows in a
polynomial way.

doo(vs,m) == [s = 1|+ sup |vs(sAo)—m(lAa)l
0<o<(sV/)
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For every m € N, define S, : A x A — R by, for every
(t,'}/t), (57775) € [07 T] x A,

(lye=nsl13™=|ve (1) =ms(s)[*™)3 _ .
Sm(yes1s) = { Fenigm 0 e mello 0
0, |[ve — msllo = 0.
. m.M *m,M
For every M > 0, define T™" and T by
T™M(ye,ms) = Sm(ve:ns) + Mlve(t) — ns(s)]*™,

J— ,M
T (veyms) = T™M(y,ms) + s — t2.
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Lemma 2

For every fixed (%,a;) € [0, T) x A, define Sii : A* — R by

SE(ve) == Sm(ve, 33), (t,7:) € [E, T] x AL,

Then Spi(-) € C,}’z(/\f). Moreover, for every M > 3,

[Iellg™ < T™M(ye) < Mllvel 8™, (£,7:) €[0, TIx A (7)

V.

Since ||v: — a5 does not belong to C,}’2(/\E), it cannot appear as an auxiliary
functional in the proof of the uniqueness and stability of viscosity solutions.
However, by the this Lemma, we can replace ||y: — a;||§ with its equivalent
functional T3 (e, a;) € CH2(AY).

Let T™M(~,) denote T™M(~;,0). Let S, T and T denote Sz, T3° and 73’3,
M Ves

respectively.
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We can give the concrete expression of the pathwise derivatives.

8Xi5f‘:7%(7t)
_ 6m(|\vr—aal\5’”—\%(f)—ae(?)llz‘m)z\%‘(‘?—as(?)\2’"*2(("/r)i(f)—(az)f(?))
Ye—az 0m )

= |7 — azllo # O,
0, |7t — az/lo = 0.
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D S (e)
( 28m2(|lye—aql B~ ye(£) = (D™ [ye(t) 25 ()™~ ()i (1)~ (a)i()
[e=al§™
2 12m(m—1)(||ye—ag||3™—|v:(t)—az (3)[>M)?
x((72);(t) — (a3);(3)) — 2t Dy —aillg™ he(t)-a:BE")

[|ve— at|\3m

= 3 xre(t) = (@B P ()i(8) — (ag)i(£))((7e);(t) — (22);(E))

 6m(|lye—a3l1§ —ve(t) —ag(B)P™)? e (t) —as (B) 1>~ 21{,—1}

[[yve—az|[§™
l[ve — aiHO #0,
0, ||7e — a3llo = 0.
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In the proof of uniqueness of viscosity solutions, we also need the

following lemma.

Lemma 3

For m € NT and M > 3, we have that, for every
(t"}/t), (tv 7;) S [07 T] X /\,

(T™M (e +41)%5 < (T™M(ye))2m + (T™M(y1))m.  (8)

1.
2m) is a Banach space.

In particular, (A7, (T™M(.))
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Let's solve the first main difficulty. We want to find the maximum

point of functional f defined on (A!, d.).

Definition 4

Let t € [0, T] be fixed. We say that a continuous functional

p: Nt x At — [0, +00) is a gauge-type function provided that:
(i) p(7s,vs) = 0 for all (s,7s) € [t, T] x A,

(ii) for any € > 0, there exists 6 > 0 such that, for all v, 7, € A,
we have p(~s, ;) < ¢ implies that duo(7s,7/) < €.

It follows from (7) that T s a gauge-type function.

[ellg™ < T™M(3e) < Mllellg™, (8,72) € [0, TIx A (7)
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Lemma 5 [Borwein, Zhu (2005) Techniques of variational analysis]

Let t € [0, T] be fixed and let f : A* — R be an upper semicontinuous
functional bounded from above. Suppose that p is a gauge-type function and
{di}i>0 is a sequence of positive number, and suppose that £ > 0 and
(to,75) € [t, T] x A' satisfy

f(yg) >  sup f(y)—e
(s,7s)€Elt, TIXAL

Then there exist (%,4;) € [t, T] x A’ and a sequence {(t;,7i)}i>1 C [t, T] x A*
such that
(i) p(78,35) < 550 P(71, %) < o5 and & T T as i — oo,
(i) (%) — 22 :P(’Yr,-'y%) > f(’Yto)v and .
(i) £(s) = 2270 0ip(vs;, vs) < F(52) — 2270 dip (s, ) For all
(s,75) € [£, TT x A\ A{(E, %)}

==m,M . . .
We can apply T™" to this Lemma to get a maximum of a perturbation of the

auxiliary functional in the proof of uniqueness.
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For every (t,7:) € [0, T] x A and w € C°(A), define

)= {so € CNY 0= (w-g)r)= sup  (w- s@)(ns)},

(s,ms)€E[t, TIXA

A Gaw) = {o € GRNY 0= (W @)) = i (et o)) ).
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Definition 6

w € CO(A) is called a viscosity subsolution (resp., supersolution)
to (1) if the terminal condition, w(vy7) < ¢(y7)(resp.,
w(yT) > ¢(y7)) for all y7 € At is satisfied, and whenever

© € AT (ys, w) (resp., ¢ € A (ys, w)) with (s,7vs) € [0, T) x A,
we have

Orp(7s) + H(vs, 9(7s), Oxp(7s), Oxxp(75)) 2> 0,

(resp., —0:p(7s) + H(vs, —=¢(7s), —0xp(7s), —O0xxp(7s)) < 0).

w € CO(A) is said to be a viscosity solution to equation (1) if it is
both a viscosity subsolution and a viscosity supersolution.
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Hypothesis 7
b:AxU—=Ry o:AxU—R>™qg:AxRxR?xU— R and
¢ : AT — R are continuous, and there exists a constant L > 0 such

that, for all (t,v¢,n7,y,2,u),
(t, Ve, 0y 2, u) € [0, TI X Ax A x Rx = x U,

|b(ve, u)|? V o (e, )2 < L2(1+ |1yl 3);
|b(ve, u) — b(vz, )| V |o(ve, u) — o (s, u)| < L|lyve — illos

la(ve, ys 2, u)| < L(L+ [|vello + |y] + [2]);
19(ve,y,2,0) = a(ve, ¥, 2 )

< L(lve = villo+ 1y =y + 1z = 21);
|(n7) — d(n'r)| < LlinT — n'7llo-
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By functional It6 formula and dynamic programming principle
(DPP), we get that

Theorem 8
Suppose that Hypothesis 7 holds. Then the value functional V
defined by (5) is a viscosity solution to equation (1).

We also have the result of classical solutions, which show the

consistency of viscosity solutions.

Theorem 9

Let V denote the value functional defined by (5). If V € C,%’z(/\),
then V is a classical solution of (1).
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Theorem 10

Let k > 0. Let wy,ws : A — R be upper semicontinuous functions
bounded from above and such that

lim sup wi(7:) : lim sup wa(7e)

lvello—oo |17ello vello—oo | Vello '

Let ¢ € C?(R? x RY) be such that
wi(7e) + wa(ne) — (7e(t), (1))

has a maximum over AT @ Af at a point (93, 7;) with £ € (0, T),
where A' @ A* := {(7s,7s)|7s,ms € A'} for all t € [0, T]. Assume,

moreover, W, € ®(t,4;(%)) and W, € ®(%,7;(%)), and there
exists a local modulus of continuity p; such that, for all
t<t<s<T, €N i=1,2,

wi(e) — wi(e,s) < pa(ls — tl, [[rello)-
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Theorem 10 (Continued)

Then there exist the sequences (tk,'yfk), (sk,né‘k) € [, T] x At and

the sequences of functionals ¢y € C;’z(/\tk), Vi € C,%’2(/\Sk) such
that pk, 0:ok, Ox Pk, OxxPks» Wk, Otk, OxWk, OxxPx are bounded

and uniformly continuous, and such that
wi(7e) — px(e)
has a strict global maximum 0 at v over A%,

w2 (1) — Yi(ne)

has a strict global maximum 0 at né‘k over A%, and

(te 7 (20, a7, Do (), Buepr( ), Bcipu (1))
k= 0g (£ 32(B), wi (), br, Vi 0(a(2), (D), X) ,
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Theorem 10 (Continued)

(sk, n8, (si), wa(18,), Oethuc (s, ), Oxtuc (s, ), Broctbre(mly ))
k — § (%7 ﬁ?(%)7 W2(ﬁ?(’f))7 by, VX290(’AY?(%)>ﬁ?(%))? Y) )
where by + b, = 0 and X, Y € S(RY) satisfy the following

inequality:
1 X 0 2
_<E+|A|)I§(O Y)SA-‘rﬁAa

and A = V2(5;(t), 5;:(2)). Here V¢ and V,,¢ denote the
standard first order derivative of ¢ with respect to the first variable
and the second variable, respectively.

v
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By Crandall-Ishii maximum principle and Borwein-Preiss variational

principle, we get that

Theorem 11

Suppose Hypothesis 7 holds. Let Wy € CO(A) (resp., W> € CO(A))
be a viscosity subsolution (resp., supersolution) to equation (1)
and let there exist constant L > 0 such that, for any

(t77t)’ (57775) € [07 T] X A!

(Wi () V [Wa(e)] < L1+ [[7ello); (9)

[Wi(ve) — Wans)| vV [Wa(ve) — Wa(ns)l
1
L(1 + [vello + [Imsllo)ls — t]2 + Ll|v: —nsllo-  (10)

IN

Then W < Wh.
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By existence theorem and comparison theorem we get that

Theorem 12

Let Hypothesis 7 hold. Then the value functional V defined by (5)
is the unique viscosity solution to (1) in the class of functionals
satisfying (9) and (10).




Sketch of the proof

Step 1. Definitions of the auxiliary functions.

We assume the converse result that (£,5;) € [T — 3, T) x A exists
such that m := Wi(%;) — Wa(5;) > 0.

We define for any (t,v:,n:) € (T — 3, T] x A X A,

V(ve,me) = Walye) — Wa(ne) — BT (ve,me) — B3 () — ()2

Tt 0 e) + T (0e)).




Sketch of the proof

From Lemma 5 it follows that, for every
(0,75, %) € [£, T] x A x AT satisfy

\U(’y(t)ovn(tjo) Z sup i ~\U(fy57775) — B’
(sy’Ys;ns)e[Z‘,T]X/\tX/\t

there exist (£,42,7;) € [, T] x At x AT and a sequence
{(ti,vi,mi)}is1 C [E T] x At x At such that
for all (s,7s,7ms) € [£, T] x AT x AP\ {(E,42, )},

Wl('}/sa 775) < Wl(’AY%v 7/7\%)7

where
o 1 i i
Vi(ve,me) = V(ve,me) — Z T[T(%p%) + T(ng.me) + 15 — ti’2]-
i=0
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Step 2. There exists My > 0 independent of 3 such that
[A2llo v [7izllo < Mo, (11)
and the following result holds true:
Bl1Az — D115 + BI7a(2) — Ra(B)|* — 0 as B — co.

Step 3. There exists N > 0 such that t € (T — 3, T) for all 3 > N.



Sketch of the proof

Step 4. Maximum principle.

We put, for (t,v¢,m:) € (T —a, T] x A x A,

vT — _
m(re) = Waln) = 26T &) — o) — T, )
> |
Z 5 ’Yt, V),
a T = _
wa(1¢) —Wa(ne) — 255T(77t, &) — EV T tT(Ut) — €T (0e, Mz)
1
-3 o7 V(e me),




Sketch of the proof

Step 5. Calculation and completion of the proof.

By a simple calculation, we can let 5 > 0 be large enough such

that
€ 2 a
c = —ﬁ(T(%) + T (1))
vT —t ~ 116 ~ 116 ¢
e (342L + 36)L(L + [[F2]lo + [I7llo) + -
. _ 1 3
Recalllng v=1 =+ m and a—= m A T the

following contradiction is induced:

INA
NI o

c<

&0

e
vT
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dV(t,x) = —sup,cyl(Vx V(t,x), (W, x, u))ga
+3tr(V2V(t,x)5(Ws, x, u)5 T (W, x, u))
+tr(5 T (We, x, u)Vip(t, x)) + a(Ws, x, V(t, x), p(t, x)
+5 T (Ws, x, u)V, V(t, x), u)] + p(t,x)dW(t), (t,x) € [0, T] x R™,
V(T,x) = ¢(Wr,x), x€R™ P-as.

(12)
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Define the pair of F;-adapted processes

(V(t,x), p(t,x)) = (V(Wg, x),0,V(We, x)), (t,x) €0, T]xR™,(13)

Theorem 13

Let b, 0, g, ¢ satisfy Hypothesis 7. Then the F;-adapted process
V(t,x) := V(W,, x) defined by (13) is a unique viscosity solution
to BSHJB equation (12).
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Infinite horizon optimal control problems and elliptic equations

Stochastic differential game

Stochastic evolution equations

mean field problems

Minimax solution



o Thank you for your attention!
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