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Introduction

Examples of Set-valued Dynamics

o “Reacheable Sets"

o Any higher dimensional controlled dynamic systems (could be
both forward and backward(!))

e The backward version could be used to characterize "DPP" for
“time-inconsistent" problems (Karnam-Ma-Zhang, 2017).

o Non-zero Sum/Mean-field Games with multiple equilibria
(Feinstein-Rudloff-Zhang, '20, Iseri-Zhang, 21, ...)

o Set-valued Dynamic Risk Measures

e Systemic Risks (Hamel-Heyde-Rudloff, '11,
Feinstein-Rudloff-Weber, 17, Ararat-Hamel-Rudloff '17,
Ararat-Rudloff '19, Biagini-Fouque-Fritelli-Meyer-Brandis, '19)

o Multi-portfolio time consistency (Feinstein-Rudloff, '15)

o Set-valued Risk measures and BSdI/E (d= difference)
(Ararat-Feinstein 2019)
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Introduction

Set-valued SDEs vs SDls

The Main Point :
A set of processes is NOT necessarily a set-valued process !

In other words, a set-valued process is a process taking values

in a (metric) space of subsets in a vector space, rather than a
collection of trajectories in this space.
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Introduction

Set-valued SDEs vs SDls

The Main Point :
A set of processes is NOT necessarily a set-valued process !

In other words, a set-valued process is a process taking values

in a (metric) space of subsets in a vector space, rather than a
collection of trajectories in this space.

Some obvious technical issues :
@ The algebraic structure among sets?
e Measurability 7
@ (Stochastic) Analysis?
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Set-Valued Analysis/Stochastic Analysis

First Glance of Set-valued Analysis

e (X, p) — a metric space

o Z(X):=2% — all nonempty subsets of X,
o ¢ (X) Cc Z(X) — all closed subsets of X,

o #(X) — all compact, convex subsets of X.

Definition (Minkowski addition and scalar multiplication)

Let A,B € #(X) and a € R, we define
A+B = {xeX:x=a+b, acAbec B};
aA = {xeX:x=uaa, ac A}

Note : A— A=A+ (—1)A# {0}!. Thatis, —A is NOT the
“inverse" of A(!). Thus ¢ (X)/%(X) is NOT a vector space.

. Jin Ma (USC) Set-Valued BSDEs Annecy, 6/30/2022 7/ 55




Set-Valued Analysis/Stochastic Analysis

Set Differences

e Minkovski difference/geometric difference/inf-residuation
A=B={xeX|x+BCA}, ABexXX),
o A= A= {0}, but (A—=B)+ B C A (and "=" may fail!)
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Set-Valued Analysis/Stochastic Analysis

Set Differences

e Minkovski difference/geometric difference/inf-residuation
A=B={xeX|x+BCA}, ABexXX),
o A= A= {0}, but (A—=B)+ B C A (and "=" may fail!)

e Hukuhara difference (1967)
AcB=C <<= A=B+C, ABecx(X).
o AO B exists <= Va € ext(A), 3x € Xsit. ae x+ B C A

o ac ext(A) (called an extreme point of A) if it cannot be
written as a strict convex combination of two points in A.

o If exists, A© B is unique, closed, convex, and = A— B.

e Some properties of "S" requires “cancellation law". (l.e.,
A+ C=B+ C = A= B), which is true if X is locally
compact, A, B are closed, convex, and C is compact.
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Set-Valued Analysis/Stochastic Analysis

Topological Structure on % (X)

o Recall the Hausdorff distance on €¢'(X) /% (X) :

h(A,B) = max{supd(x, B), supd(x,A)}, (1)
XEA xeB

o (' (X), h) is a Polish space (if X is)

o If X =R denote 2" = % (RY) and
o B(X):=o(H(R?)) — (Borel) o-algebra on (27, h);
o define ||A|| := h(A, {0}) = sup{|a|,a € A},

@ Then || - | is a "norm", and h(A, B) = ||[AS B||, if © exists.

e Warning : (2,] - ||) is NOT a Banach space, as it is not even
a vector space.
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Set-Valued Analysis/Stochastic Analysis

Set-Valued Mappings and Selections

Denote ¢ = all open sets in RY.
@ For V€ 0, define O(V) :={Ke Z : KNV #0};

o Let (T, F, n) be a measure space. A mapping F: T — 2 is
called (weakly) measurable if
F7(V)={teT: F(t)eo(V)} e F,VYV e0.

@ Denote all measurable mappings F: T — 2" by .Z(T, 2).

@ A "measurable selector" of F is a function f : T — X, such
that f(t) € F(t), a.e. t € T, and f € LO(T; R9). Denote the
collection of selectors of F by S(F).

@ Clearly, F = G if and only if S(F) = S(G).
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Set-Valued Analysis/Stochastic Analysis

Measurability vs. Decomposibility

Definition
A set M C LO(T;RY) is called decomposable w.r.t. F if for any
fi,h € M and A € F, the function 141 + 1> € M.

e For C C L(T,R?), we denote dec{C} (resp. dec{C}) to be
the decomposable hull of C (resp. closure of dec{C}).

For p > 1, define Sp(F) = S(F) NLP(T; Z°), and
(T, 27) :={F € #(T; Z°) : Sp(F) # 0}.

Let M be a nonempty subset of LP(T,R9) where p > 1, such that
for each t € T, M(t) € 2. Then there exists F € o/,(T, Z") such
that M = S,(F) if and only if M is decomposable.
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Set-Valued Analysis/Stochastic Analysis

Set-Valued Random Variables and Stochastic Processes

e SVrv. Z:Qw— 2 and SV process ¢ : [0, T] x Q +— 2 are
defined naturally as SV measurable functions.

o S5g(Z) — G-measurable selectors, G C F;
o S5(¢) —all A(|0, T]) ® F-measurable selectors

o Sp(®P) (So(P)) — all F-adapted (progressive) selectors.

e Z is p-integrally bounded if E[||Z||P] =E[hP(Z,{0})] < o0
(i.e., Sp(Z) is a bounded set in LLP).

o If Ze oh(Q, Z), then E[Z] := [, Z(w)P(dw) (Aumann).

o If Fe M(T Rd) the Aumann Integral of F is defined by
Jp F(t)p(dt) == cl{fT Yu(dt):f € Si(F)}:=cl(J(S1(F))).
o It holds that fT t)u(dt) = [} coF(t)dt, hence convex.
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Set-Valued Analysis/Stochastic Analysis

Conditional Expectations

o For G C F and Z € &/}(Q), we define E(Z|G) € /3 (Q) via
the Aumann integral identity

/ E(Z|G)(w)P(dw) = / Z@)P(dw), AcG.  (2)
A A

o If Fe &*(Q), then 3N E[F|G] € #;(Q), s-t.
S1(E[F|G]) = cIL{E[f|G] : f € S1(F)}. (3)

o E[-|g] satisfy all the natural properties in terms of Minkovski
addition and scalar multiplication.

o If X1 © X; exists. Then, E[X; © Xz|G] exists and
E[X: & Xl0] = E[X1[] & EPGId]. 4)
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Set-Valued Analysis/Stochastic Analysis

Set-Valued Martingales

o A set-valued (P, F)-martingale M = {M;}>0 is M € %42 such
that Ms = E[M¢|F], for 0 <s < t.
e Set-Valued “sub-" (or “super-") martingales ? Order?
o A set-valued mg M has decomposable Sz,(M;) for each t > 0.

o For a set-valued mg M, denote the martingale selectors by
MS(M) :={all F-mg f = {f;} s.t. f; € Sr,(M;), t > 0}.
PMS(M)] = {f. : f € MS(M)} € (L}, (9, RY)).

o Note : Sx,(M;) and P,(MS(M)) are quite different! In
particular, the former is decomposable, but the latter is not.

o The following relations holds

S, (M,) = dec{P,[MS(M)]},  t>0. (5)
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Set-Valued Analysis/Stochastic Analysis

Set-Valued Stochastic Integrals (Aumann-Itd)

o Let B= {Bt}tET::[o,T] be a m-dim B.M. on (2, F,P; F).
o Define linear mappings on L2(T; R9) and L2(T; RI*™) :
HP) = [ dedt,  T() = f) $edB.

o For K € Z(LA(T;RY)) and K’ € 2(ILA(T; R9*™), define
J(K):={J(9): ¢ € K}, T(K') :={T(¥) : b € K'}.

Theorem/Definition

For & € £29(T) and W € £29™(T), 3T, Z € £29(Q) sit.
Sr;[] = dec{J[Sr(®)]}, and SF,[Z] = dec{T[Sr(V)]}.
Denote I := fOT ddt and Z = foT VdB;.
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Set-Valued Analysis/Stochastic Analysis

Remarks

e Both SFT(fOT ®dt) and SFT(fOT V,dB;) are decomposable
(hence Fr-measurable), but none of J(Sp(®)) and J(Sr(WV))
is, unless singleton. (see Kisielewicz ('13, p105) for the ex's)

e The Indefinite stochastic integral fot VdB = fOT 1p,VsdBs is
well-defined, and has the "temporal additivity" :

T ot T
/ IIJSdBS/ wsd55+/ VedBs, te0,T]
0 0 t
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Set-Valued Analysis/Stochastic Analysis

Remarks

e Both SFT(fOT ®dt) and SFT(fOT V,dB;) are decomposable
(hence Fr-measurable), but none of J(Sp(®)) and J(Sr(WV))
is, unless singleton. (see Kisielewicz ('13, p105) for the ex's)

e The Indefinite stochastic integral fot VdB = fOT 1p,VsdBs is
well-defined, and has the "temporal additivity" :

T ot T
/ IIJSdBS/ \115st+/ VedBs, te0,T]
0 0 t

Generalized Aumann-It6 integral

Let G € 2(L3(T;R¥*™)). Denote JE(G) = { [, gsdBs : g € G},
t € T. Then, 3! &, € £7 (Q) s.t. S5, () = dec{TE(G)}. We call
®; the generalized stochastic integral and denote it by fo G o dB.
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Set-Valued Analysis/Stochastic Analysis

Hukuhara Difference for Stochastic Integrals

Proposition (Ararat-M.-Wu, 2020)

o If o,V e &/(T, Z). Then
o &+ VWV &V (if exists) € o7(T, Z),
o S(P+W)=5(d)+S(V), S(PoVv)=5(d)sS(V).
o If &, W € P(L2(T, 2)), st., OV exists, then
o JHP)oTiH(V)=TJHPo W), 0<s<t<T.
— [ToodB,o [ WodB, := [[(®cW)odB,, P-as.

o If &,V are convex and square integrably bounded, then all
stochastic integrals above can be in the Aumann-Itd sense.

o [[®odBo [ WodB, = {0} = [ ®odB, =[] WodB,.
o [{®0dB;© [ WodB, = {0}, P-as, VtcT = ¢ =V.

4
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Set-Valued Analysis/Stochastic Analysis

Some Important Estimates

o Define
H(®, W) := Eh(d, W), o, Ve Lt (X))
Ha(®, V) := [ER (O, W)]Y2, &,V e L2 (2 2)

@ Then for G C F, it holds that
o H(E[®|G],E[W|G]) < H(®, W) (Kisielewicz '13)
o W(E[®|G], E[V|G]) < E[R(®, W)|G], P-a.s. (Ararat-M.-Wu)
o Ha(E[®|G], E[W|G]) < Ha(P, V).

T T T
° h2(/ <D5ds,/ \Ilsds) <(T - t)/ h?(®s, V,)ds, P-a.s.
t t t
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Essentials of Set-Valued BSDEs
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Essentials of Set-Valued BSDEs

Set-Valued Martingale Representation Theorem

o Assume F = IFB and let M be a set-valued (IL?) F-martingale.
Then for each f € MS(M), 3! gf € L2(T; R¥*™), such that
fo= [, gldBs, t € T, P-as.

o Denote GM := {gf : f € MS(M)} € 2 (L2(T;R9*™)).

Theorem (Kisielevicz, 2014)

Assume F = FB, where B is a R™-valued Brownian motion. Then
for every set-valued martingale M = {M;}.c[o 7] € D%?’d(’]l‘), with
Mo = {0}, there exists GM € 2 (IL3(T; R¥*™)), such that

M= [, GModB;, P-as. t € T.

o Note : The set GM is likely not decomposable, thus the
stochastic integral can only be in the generalized sense.
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Essentials of Set-Valued BSDEs

Simplest Possible Set-Valued BSDEs

Y, :E[§+/tTF(s, YS,-.-)ds(ft}, teT=][0,T]
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Essentials of Set-Valued BSDEs

Simplest Possible Set-Valued BSDEs

Y, :E[§+/tTF(s, YS,-.-)ds(ft}, teT=][0,T]

T T
Yt—f—i—/ F(s,YS,---)ds—/ Z o dBs, teT,
t t
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Essentials of Set-Valued BSDEs

Simplest Possible Set-Valued BSDEs

Y, :E[§+/tTF(s, Ys,---)ds(ft}, teT=][0,T]

T T
Yt_|:£+/ F(SYS*)d5:|@/ Zod857 tETv
t t
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Essentials of Set-Valued BSDEs

Simplest Possible Set-Valued BSDEs

T
Yt:E[§+/ F(s, Ys,---)ds(ft}, teT=1[0,T]
t
T T
Yt_|:£+/ F(SYS*)d5:|@/ Zod857 tETv
t t

T T
Vit [ ZodBo—g+ [ R V) ter
t t

where £ € EJ%T(Q), F:TxQxZ +— 2 isamultifunction to be
specified, and the stochastic integral is in generalized sense !
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Essentials of Set-Valued BSDEs

Well-postedness (First Take)

Consider the following simplest SVBSDE :
T
Y= Ee +/ F(s,. Y)ds| 7|, te[o,T] (6)
t

Main lIdea :
o Consider the mapping

(D(Y)); = E[s + /tT F(s, Ys)ds\%}, teT.

o Find an appropriate space ), so that ®: Y +— ), and is a
contraction.

. Jin Ma (USC) Set-Valued BSDEs Annecy, 6/30/2022 23/ 55



Essentials of Set-Valued BSDEs

Well-postedness (First Take)

o Consider (% (IL?), Hy2), where .2 = L.2(Q; RY).

o Note : Hy2 is not Ha(!), and one shows that

HIEZ{IE[/:\IJSds ]—“t],E[/Tt\II’Sds‘]-}D (7)

t
S(t—T)/ Ha(Vs, W)ds, 0<7<t<T.

e Now consider ) = C(T, .#(IL?)) with the metric :

DA(X,Y):= sup e MTOH (X, Y:), A>0.
te[0,T]

Then (), D) is a complete metric space.

@ Using (7) to show that ® : J +— ) is a contraction for A large.
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Essentials of Set-Valued BSDEs

What about Z 7

Consider again the simplest form :

T T
Y: +/ ZodBs=¢ +/ F(s, Ys)ds, teT, as. (8)
t t
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Essentials of Set-Valued BSDEs

What about Z 7

Consider again the simplest form :

T T
Y: +/ ZodBs=¢ +/ F(s, Ys)ds, teT, as. (8)
t t

Lemma (Aarat-M.-Wu, '21)

Given £ € XJ%T(Q; Z') and ® € L2(T; 27), there exists a unique
(Y,Z) € L3(T; ) x P(LE(T x RI*™)), such that

T T T
Y, :E[g+/ ¢sds]ft} = [§+/ <Dsds} e/ ZodBs, teT.
t t

t

v

This can be proved by using the SV MRT, the properties of
Hukuhara difference, and the cancellation law.
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Essentials of Set-Valued BSDEs

Picard lteration

o Define the iteration sequence {(Y (", Z(")} (Lemma)
@ Denote AYt( "= Y(") S/ Y(" 2 AZ(") Z(") @Z( 2
e Argue that (with I\/Iﬁ"-r = fr Z(" o dB)

AV + AaM") = / [F(s, YAy & F(s, Y2 ds.
@ With some assumptions on F one shows that

)
EJAYD|2 < A + AMELE < TK? / E|A YD) ds.

t

n—172(n—1)
== IE||AY ||2 < CK(niG), =: a2, where Y 0° a, < cc.

Jin Ma (USC) Set-Valued BSDEs Annecy, 6/30/2022 26/ 55



Essentials of Set-Valued BSDEs

Finally ...

@ Using properties of Hukuhara difference to show that

n—1 n—1
Y e vy < S 1aYPly < Y a.

k=m k=m
o Since h(A, B) < |A G B, {¥{"} is Cauchy in L2 (2 2),
hence Y € .,?%T(Q; Z), such that

sup HY(" 2 o Y3 < Z ax — 0, n — 00.
te[0,7] k=n—1

@ Argue that Y satisfies the SVBSDE

.
=£+]E[/t (s, Ys)ds‘}"t], teT —s Donel
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Essentials of Set-Valued BSDEs

Some hidden subtleties

o Existence of AY(") and AZ(")?
o AY(~1) exists — A[F( t, YD) exists.
o AY" yaM™ = [T [AF( v ds
o (MRT) AM" = [¥AZ(" o dB.

o Assume Y(" o V(M exists Vn, m @ lim, ., | Y(M & Y{M)|| = 0.
(le., {Y("} is Cauchy in (2, h)). Do we actually know that
3Y such that Y(") & Y exists for all n?

Proposition (Ararat-M.-Wu, '21

Assume that {A,},>1,A,B € %(Rd), h(An, A) = 0, as n — oo.
and A, © B exists for all n. Then, A& B exists.
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Essentials of Set-Valued BSDEs

Some Serious lssues

Two theorems from Kisielewicz's 2020 book (Springer) :

Unboundedness of Aumann-1t6 SV-Integrals (Corollary 5.3.2)

For every nonempty decomposable set K C IL?(T, 2") and every
0<s<t<T, the Ito set-valued integral fst KsdBs is square
integrably bounded if and only if K is a singleton.

Decomposition of Unity (Lemma 3.3.4)

For every set K C L2(T x Q,.27), and every partition
m:0=71 <7 <---7p=T of [0, T], it holds that

K< 1[0,7’1]K + 1(7’1,7'2]K P ooeE 1(Tn_1,T]K'

If K is decomposable, then the equality holds.

4
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Essentials of Set-Valued BSDEs

A result from recent paper by J.P. Zhang and Kouji Yano (2020) :

Singleton Test (Lemma 3.1)

For any set-valued random variable F € L1(Q,K(27)) and any
a € 4, the expectation E(F) = {a} if and only if F degenerates to
a random singleton {f} with E(f) = a.

Representability of Set-Valued Martingale (Theorem 3.1)

Let M be a set-valued F-martingale. Then
t t
M; = E[Mo] —|—/ GsdBs <— M;=C +/ gsdBs,
0 0

for some g € L2(Q; 27) and C € K(Z").
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Essentials of Set-Valued BSDEs

Some Bad News

o Kisielewicz' set-valued MRT essentially holds only for
vector-valued martingales (singleton), since My = {0} ;

o If MRT holds and M is square-integrably bounded, then Z
cannot be measurable/decomposible unless it is a singleton(!).

@ But a generalized integral is NOT temporally additive, that is,

T t T
/ zostg/zost+/ Z o dBs,
0 0 t

thus the whole scheme would collapse in general !
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Essentials of Set-Valued BSDEs

The Remedies

o Consider only BSDEs without Z
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Essentials of Set-Valued BSDEs

The Remedies

o Consider only BSDEs without Z

@ Use other set-valued stochastic integrals (e.g., "trajectory
integrals") that are easily temporally additive
e The danger : the integral may not be a set-valued process,
therefore even more hopeless for MRT.
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Essentials of Set-Valued BSDEs

The Remedies

o Consider only BSDEs without Z

@ Use other set-valued stochastic integrals (e.g., "trajectory
integrals") that are easily temporally additive

e The danger : the integral may not be a set-valued process,
therefore even more hopeless for MRT.

@ Find new definition of set-valued stochastic integrals that are

o non-singleton expected value (truly set-valued);
e temporally additive ; and
e MRT compatible!
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New Definitions of Set-Valued Stochastic Integral
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New Definitions of Set-Valued Stochastic Integral

What do we know

@ Aumann-Ité : / Zs dBs (MRT X, Addtive /)
—

decomposable

&

decom‘;;osable
e Trajectory : / Zs dBs (MRT X, Addtive /)

non—decomposable

non—decomposable

e G-Aumann-Ité : / Zs odBs (MRT,/, Addtive X)
. ~~~

non—decomposable

decomposable
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New Definitions of Set-Valued Stochastic Integral

Main Delemmas

o If MRT holds, then the integrand Z cannot be decomposable;
o If integrand Z is not decomposable, then the additivity fails;

o If the initial value My is a singleton (e.g., {0}), then the
martingale must be degenerate (singleton);

o If the MRT holds with a standard Aumman-Ité integral, then
the martingale must be a constant set "pushed" by a
vector-valued martingale.
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New Definitions of Set-Valued Stochastic Integral

Main Delemmas

o If MRT holds, then the integrand Z cannot be decomposable;
o If integrand Z is not decomposable, then the additivity fails;

o If the initial value My is a singleton (e.g., {0}), then the
martingale must be degenerate (singleton);

o If the MRT holds with a standard Aumman-Ité integral, then
the martingale must be a constant set "pushed" by a
vector-valued martingale.

— All these conflicts are due to the definition and properties of
the existing theory on the set-valued stochastic integrals!
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New Definitions of Set-Valued Stochastic Integral

First Try (Aarat-M.-Wu, '21)

o Consider R, := L2 (,RY) x L2([t, T] x Q,R¥*™), t € T.
@ Define a mapping F': Ry — R; by
Fi(x,z) = (X—|— /Otzsst,zt), (x,z) € Ry,
where z* := (z,)¢[¢, 7], the restriction of z onto [t, T].
e Fort € [0, T] and (&, z") € Ry, define, for u € [0, T],
Ti6.2) = BlelE () + {¢ + [ a1 (w)
Then, for any t € T, J%(&, z') is an F-martingale on T,

o (Time Consistency) JfoFt = J%0F% = J% on Ry, s,t € T.
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o For R CRo, t >0, ISV rv If(R) € L3 (Q,%(R?)), st

5% (Ig(R)) = decr,(F[R]). 9)
o We call I[{(R fo R o dB the generalized stoch. integral.
e This integral tracks the initial values of the mg’s in J°[R](!).

o Let M be a L2-SV mg, and MS(M) its (L?-)mg selectors. By
standard MRT we can define, for each t € T,

RM .= {(¢,2) e Ry: JUH(E, z) € MS(M)}; RM :=RY.

Theorem (MRT, Ararat-M.-Wu, 2021)

t
M, = / RModB, P-as.,teT.
0_

Moreover, S%t(l\/lt) = decr,(P:[MS(M)]) = decr,(T2[RM)).
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Connection with SV BSDEs

@ The definition of the new stochastic SV integral can lead to a
representation of the SVBSDE (6) :

T T t
Yt+/ ZodB:§+/ f(s,Ys)ds+/ ZodB. (10)
0— t 0—
where the pair (Y, 2) € Y € Z2([0, T] x Q, #(R9)) x Rg

can be defined as the solution, if Yo = 7¢[Z] and one can
argue that such solution (Y, Z) exists and is unique.

The Main Issues
@ The representation is only defined "a.s." for each t € T.
@ No "path-regularity" for the (indefinite) integral t — IE(R)
o "Temporal additivity" ? (M, 2" If_(RM)" + M)
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Indefinite Integrals — A "Path" View

e Recall : for R C Rg, J[R] C IL%ET(Q, c4).
o IR =IJ(R) e #(2:C(CT)), st. Sz (I7) = decr (T°[R]).

o Define, for t € T, IF(w) := P[IR(w)], we€Q
o Note that /®(w) C C% is closed, bdd, but not necessarily
weakly compact, thus P;[/™(w)] is not necessarily closed(!).

Proposition (Ararat-M. (2022))

@ Foreach t €T, ItR is an Fr-measurable SV random variable.

o The set-valued mapping (t,w) ~ I*(w) on T x Q is
AB(T) ® Fr-measurable.

o S7 (IF) = clpaqy{ye: y € SE.(I%)}.
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Moreover ...

o For t € T, define the E[/}|F;] : Q — C(RY) s.t.
SE(EIRNF]) = decr{E[E]F: € € SE, (1)}
= clia{E[g[F: € € S7 (1)}
o (R. Wang (2001)) 3! optional set-valued process (°I)sepo, 1]
s.t. E[IR|F,] = °IR, as., for every F-stopping time 7. ,
Theorem (Ararat-M. (2022))
@ Fort T, S%t(OItR) = decr,(J2[R)).

o °IR =E[I}|F] = fot_RO dB P-as.

o Let M be a convex, L2-integrably bounded SV mg. Then
M, = E[IR"|F] = °IR" P-as.

v
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Temporal Additivity of Indefinite Integrals

o Let M, = {m = (t;)/_,} be the set of partitions on T.
o Let Y C LO(T,R?). For 7 € M, and {y'}7_, C ), define

YE = yloy(t) + 27 vilee (), t€T.

e )Y is called temporally decomposable if Vn € N, = € I, and
{y1,cY =y el
e Denote the "temporally decomposable hull" of Y by temp(}).
o For Aec B(T), Y C Y1+ Y1a ("="if YV is t-decomposable)
o temp()) = temp(Y1jo 4) + temp(P1(, 7).

o Define I® € .#(Q,C(D7)) s.t. SJ%—_T(IR) = dec(temp(Jo[R])).

o t— °IR .= E,[P,(IR)] is temp-additive, and My = °IR" as.
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Main Difficulties

o Observe : I will now be C(D7) -valued, instead of
C((C‘%)—valued, to suit the temporal decomposability.
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New Definitions of Set-Valued Stochastic Integral

Main Difficulties

o Observe : I will now be C(D7) -valued, instead of
C((C‘%)—valued, to suit the temporal decomposability.
@ Uniform topology or Skorokhod topology ?
o D7 with Skorohod topology is not a topological vector space
o (DT, - |loc) is @ Banach Space but not separable

@ Why separable?
e needed for, e.g., measurability <= decomposibility

Some Discoveries

o (DT, - |loo)* is weak*-separable(!)
@ Scalar measurability, Aumann-Pettis integration theory , ...,
etc., for multi-functions on non-separable Banach spaces
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New Definitions of Set-Valued Stochastic Integral

Pettis Integration

o Let X be a Banach space. A function £ : (Q, F,u) — Xis
called scalarly measurable/integrable if w — (x*, f(w)) is
measurable/integrable for each x* € X*.

o f is called Pettis integrable if it is scalarly integrable @&
VA € F, EIfA fdu € X such that

(x*, [afdp) = [4(x* f)dp, x*eX*.

e Note : If X is separable, then f is Pettis integrable <
{{x*,f): x* € Bx+} is uniformly integrable. But If X is
nonseparable, then the equivalence holds only when X has the
p-Pettis Integral Property (u-PIP) (i.e., every scalarly bounded
and measurable function is Pettis integrable).
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Pettis Integration

o Let X be a Banach space. A function £ : (Q, F,u) — Xis
called scalarly measurable/integrable if w — (x*, f(w)) is
measurable/integrable for each x* € X*.

o f is called Pettis integrable if it is scalarly integrable @&

VA € F, EIfA fdu € X such that
(x*, [afdp) = [4(x* f)dp, x*eX*.

@ Note : If X is separable, then f is Pettis integrable <=
{{x*,f): x* € Bx+} is uniformly integrable. But If X is
nonseparable, then the equivalence holds only when X has the
p-Pettis Integral Property (u-PIP) (i.e., every scalarly bounded
and measurable function is Pettis integrable).

The space X = D7, while non-separable, is p-PIP(!) J
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The Space Pe(u, X)

o Let Pe(u,X) be the space of all Pettis integrable X-valued
functions, with the strong topology defined by the norm :

Ifllpe := supx-ep,. Jq | (X" f(w)) |u(dw).

o We identify (Pe(u,X))* ~ L°(u) x X*, in the sense that the
dual product on Pe(u, X) is defined by the linear mapping :

fs (h®x* f)p, = fQ (w)) p(dw).

e For M C Pe(u,X), we denote by clp.(M) (clp,(M)) the
closure of M w.r.t. the strong (weak) topology on Pe(u, X).

@ The space Pe(u,X) with its weak topology is a Hausdorff
topological vector space.
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Aumann-Pettis Set-Valued Integrals

@ X - a Banach space such that X* is weak* separable.
o % (X) — weakly closed subsets of X,
o #y(X) — convex weakly compact subsets of X.

e For F: (Q, F,u) = Gw(X), let Spe(F) := S(F) N Pe(u, X),
and w — *(x*, F(w)) :=sup{(x*,x): x € F(w)}, w € Q, be
the support function of F.

o F is called scalarly measurable/integrable if the support
function 0*(x*F(-)) €LO(Q)/LY(Q), x* € X*.

o F is called Aumann-Pettis integrable if Spe(F) # 0.

o F is called Pettis integrable if it is scalarly integrable and
VA e F, 3 [, Fdu € #,(X) such that

5*(X*,fA qu) = [0 (x*,F)dpu, x*eX*
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Known Results (Cascales-Ladets-Rodriguez, '10)

Assume that X in non-separable, but X* is weak* separable. Let
F:Q — ,(X) be a set-valued function. (Think : X =D~ 1)

@ F is Pettis integrable <= every scalarly measurable selector of
F is Pettis integrable.

@ F is Pettis integrable = 3{f, }heny C Spe(F) such that
Flw) =cg{fa(w): neN}, weq.

e Such a property is known as Castaing Representation
e As a consequence, "Pettis" = "Aumann-Pettis" !

@ F is Pettis integrable = {0*(x*, F): x* € Bx-~} is uniformly
integrable. The converse holds if X has u-PIP.
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Moreover ...

Theorem (Ararat-M. (2022))

Assume that X is non-separable, but X* is weak*-separable.
Assume further that Bx« (unit ball in X*) is weak*-separable. Let
M C Pe(u,X) be weakly closed decomposable set. Then

o If M = clp, dec{f,: n € N} for some sequence (f,)nen in

Pe(u, X), then there exists an Aumann-Pettis integrable SV
function F: Q — € (X) such that M = clp,Spe(F).

o If M = clp,Spe(F) for some Pettis integrable set-valued
function F: Q — J#,(X), then there exists a sequence (f5)nen
in Pe(y,X) such that M = clp, dec{f,: n € N} and
F(w) = clg{fs(w): n € N} for every w € Q.
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Temporally Additive SV Stochastic Integral

Given (Q, F,P), consider J°: Ry — ]L%_-T(Q,(C-r) C Per,.(P,D7).
e If R C Ry, then I{(x",z")},eny C R, such that
o cIR =cl{(x",z"): n € N}
o clJ[R] = cl{J°(x",2z"): n € N}
o clp JO[R] = clp{T%(x", 2") }nen,
o clp, dectempg J°[R] = clp, dec tempo{T°(x", z") } nen
e Since tempg{7°(x",2"): n € N} is countable, there exists an
Aumann-Pettis integrable SV r.v. ®%*: Q — %, (D7) such that

clp, dec tempg JO[R] = clp, Spe (™).

o We call ®% the stochastic Aumann-Pettis integral of R and
denote it by ®® = fot R o dB.
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Temporally Additive Indefinite Integral

o ForteT T, let J{(R):= T3 (R); J5(R):=U J9R]

qeQ,q<t

@ clp, dectempg J§[R] = clp, dectempg U cq g« {7 (X", 2") Fnen.

o 3 Aumann-Pettis integrable SV r.v. ®t(R): Q — Cw(D7) s.t.
el Spe(P(R)) = clps, dectempg JE[R].

Similarly, for s < t, define J!(Rs) := J2 . o F~*(RR,), where
F~:Rs> (& 2)— (E[¢],z° @ 2) € Ry, £ = E[¢] + fos z;dB,.

3 Aumann-Pettis integrable ®(R): Q — €, (D7) s.t.
clf, Spe(PL(R)) = clfy, dectempg JI[R].

Denote ®L(R) = fst_ RodB, 0<s<t<T, we expect
f, RodB=fl RodB+f; RodB.
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Important Facts

e D7 is a Banach space (hence a topological vector space)
o (DF)* is weak* separable and P-PIP for any P € P(DD7)

° B(D;)* is weak* separable (not trivial !)

temp(Y) = temp(V1 ) + temp(V1 1)

dec(A+ B) = dec(A) + dec(B), A, B e 6,(D7)
clp(A+ B) = clp,(A) + clp.(B), A, B e i, (D7)
Spe(X +Y) = Spe(X) + Spe(Y), X, Y € .#(T,D7).

(Time Consistency)
o JtoFt=7J%F*=7J%0n Ry, s,t €T.

] Ft[RO] - Rt, F_t[Rt] - RQ
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A Story ...

Weak* separability of dual unit ball of D[0,1]

Asked 7 days ago  Modified 4 days ago  Viewed 95 times

Let D[0, 1] be the space of all right-continuous left-limited functions f: [0, 1] — R equipped with
the supremum norm f + || flle = SUPgg 1y |(#)]. This is a non-separable Banach space whose
5 dual D[0, 1]* is known to be separable in the weak* topology; see, e.g., Chapter 41, p. 1756 of

Johnson, W. B. (ed.); Lindenstrauss, J. (ed.), Handbook of the geometry of Banach spaces. Volume
2, Amsterdam: North-Holland. xii, 1007-1866 (2003). ZBL1013,46001.

Is the unit ball in D[0, 1]* separable in the weak* topology?
functional-analysis banach-spaces weak-topology

Share Cite Edit Delete Flag asked May 19 at 13:39
C Cafiin Ararat
53 A1

[The question was posted on the website : Mathstackexchange.]
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A Story ...

TRANSACTIONS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 366, Number 9, September 2014, Pages 4733-4753
S D002-9947(2014)05962-X

Article eloctronically published on May 5, 2014

A WEAK* SEPARABLE C(K)* SPACE WHOSE UNIT BALL
IS NOT WEAK* SEPARABLE

A. AVILES, G. PLEBANEK, AND J. RODRIGUEZ

ApstrAacT. We provide a ZFC example of a compact space K such that C(K)"
is w*-separable but its closed unit ball Be (g is not w*-separable. All pre-
vious examples of such kind had been constructed under CH. We also discuss
the measurability of the supremum norm on that C{K) equipped with its weak
Baire g-algebra.

1. INTRODUCTION

Let K be a compact space (all our topological spaces are assumed to be Haus-
dorff) and let C'(K) be the Banach space of all continuous real-valued functions
on K (equipped with the supremum norm). One can consider the following list of
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A Story ...

1 Answer Sorted by:  Highest score (default) s

CD([0, 1. Il - Nle) is 2 commutative C* -algebra, so it is isometrically isomorphic to C(A) by the
Gelfand map, where A is the character space of I{[0, 1]).

1
Let by, € A be defined by hy,(f) = f(1) forall £ € (D([0, 1]). Every h € A\ {4 } is either of
the form

v VS ED(0.1)  hes(f) = flet) = lim fx)

for some ¢ € [0, 1) or of the form
Ve Do, 1) h_(f)= f(c—)=11_i‘m_ flx)
forsomec € (0,1].LetK = {(¢, 1) : c € [0, 1]} U {(e,—1) : ¢ € (0, 1]} with the weak paralle]

P v . It is relatively straightforward to show that A is homeomorphic to K. K isa
arable, compact, Hausdorff space.

Since A and K are homeomorphic, C(A) and C(K) are isometrically isomorphic as Banach
spaces. Lastly, see the implications in the first page of the paper
v.1112,5710 : since K is separable, the unit ball of (C{K))* is weak"

hitps://doi.org/10.48550/ /a3

separable.
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Conclusion

@ We argue that the current set-valued stochastic analysis may
have fundamental difficulties in studying a set-valued BSDE.

@ A successful remedy might have to contain a new notion of
set-valued stochastic integrals that satisfies following
requirements :

o It is a set-valued process (decomposable) allowing
non-decomposable integrand ;

e it is temporally additive; and

o It permits a (set-valued) martingale representation theorem.

@ We proposed possible new definition of set-valued stochastic
integral that meets the desired the properties.
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Conclusion

@ We argue that the current set-valued stochastic analysis may
have fundamental difficulties in studying a set-valued BSDE.

@ A successful remedy might have to contain a new notion of
set-valued stochastic integrals that satisfies following
requirements :

o It is a set-valued process (decomposable) allowing
non-decomposable integrand ;

e it is temporally additive; and

o It permits a (set-valued) martingale representation theorem.

@ We proposed possible new definition of set-valued stochastic
integral that meets the desired the properties.

@ There is a long, but hopeful way ahead...
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THANK YOU VERY MUCH! |
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