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Starting point

In Finance (see El-Karoui, Peng, Quenez 2001) consider the wealth

pI’OCESS
{x;vxvu =b(s, XI*U ug)ds + X (s, XY, u)dBs, s € [t, T]
t,x,u
X, =x

and the recursive utility process

T T
v =[x vz s [z g,
S S

)
B[ XY ZE )i 7
S

where u (= (¢, m)) is a control.
A classical optimization problem is to evaluate the value function

V(t,x) = sup Y™
u

and prove a DPP and that it satisfies an HJBI equation.
(See for example Buckdahn-Li 2008).
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Our aim

> Consider the case where the volatility (of B) is unknown

» Introduce (in f) a penalization w.r.t. the model

References

> D., Kervarec: maximization of utility of the terminal wealth
using duality argument.

» Matoussi, Possamai, Zhou 2015: approach using 2BSDE.
» Hu, Ji 2017: case of the G-Brownian motion.

» Guo, Langrené, Loeper, Ning (2020): By approximation but
not so rigorous.
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The setting

» Q={we C([0, T|;R) : wo = 0} to be the canonical space of
continuous sample paths starting at zero,

» B the canonical process, i.e. Bi(w) = w; for all w € Q
F = (Ft)¢tepo, 7] the “standard” filtration

> P the Wiener measure on €2 under which B is a Brownian
motion.

v
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Sets of Priors

We denote by O the set of F-progressively measurable processes
a:Qx [0, T] — © such that:

T
/ la¢|dt < 400 Po-a.s.,
0

where © C S0 is a convex compact set of S°.
For each process oo € O we define the process (Xf') by

t
X,_?‘:/ al/?dB;, (1)
0

and denotes P® = Py o (X*)~! € M the law of X©.
We consider the set of probability measures

P ={P% ac O}.

The set P contains mutually singular probability measures and may
therefore live on disjoint domains.

As usual, we say that a property hods P-quasi-surely if it holds
P-a.s. for all P in P.



Pathwise definition of the quadratic variation

By karandikar (1995), there is some FF-progressively measurable
non-decreasing process on 2 denoted by (B) = ((B)t)y<;<7 Which
coincides with the quadratic variation of B under each
semi-martingale measure P. In particular, this provides a pathwise
definition of (B) and its density a,

t
— 1
(B): :== BtB£—2/ BsdB. and a;:= lim =((B); — (B):—¢).
0 el0 €

where B’ denotes the transposed of B, and the lim is
component-wise defined.
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Key properties of elements in P

Following Soner, Touzi, Zhang (2011) we know that each element
[P € P satisfies

1. The Martingale Representation Theorem
2. The Blumenthal zero-one law.
w.r.t. the filtration (F;")e.
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Conditioning

We now introduce, for (t,w) € [0, T] x €, the set P(t, w) of all
probabilities IP such that:

» P-as. Bs = Bs(w) Vs € [0, t],
> there exists a process (') adapted to the filtration
(Fii)sefe, 1) and taking values in © such that (Bs — By)scpe, 7]

S
has the same law as the process (/ (a§)1/2st)S€[t7T] under
t
Po.
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An important property

In order to apply the results of Possamai, Tan, Zhou (2018) we
need to establish the following

Proposition
The graph of P:

[[P]] = {(t,w,P); (t,w,P) €0, T]xQxP(t,w)}

is analytic in [0, T] x Q x Mj.
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Functional spaces

» H?(t, T) denotes the set of all Fﬁ—progressive measurable
R9-valued processes Z, which are defined ds-a.e. on [t, T]
with

.
A HgggEP[/t Hai/zzsnzds] < 0.

> D?(t, T) denotes the set of all F,-progressive measurable
R-valued processes u, which are defined ds-a.e. on [t, T| with

-
lullfe,r) = ;ggEP[ / Hu5!!2ds] < 0.

» T2 denotes the set of all Fﬁo—progressive measurable processes
IC with P-qg.s. right-continuous, left-limited and
non-decreasing paths on [0, T] with Ky = 0, P-g.s. and

IKIE := supEIK 7] < +oc.
PP
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» S?(t, T) denotes the set of all FE—progressiver measurable
R-valued processes V with P-q.s. continuous paths on [t, T]
with

VIIEe, ) = SUPEP[ sup \Vslﬂ < +o0.
PeP  Li<s<T
As usual, if t =0 we omit the interval ([t, T]) is the above
notations so that for example S% denotes the set of all
Fﬁ—progressively measurable R-valued processes V with P-q.s.
continuous paths on [0, T] with

VIR = supEP[ sup |Vl ] < +o0.
0<s<T
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Set of controls

Definition

Let K C R™ be a convex compact set. A process u € (D?)™ is
said to be admissible if it takes values in K P-quasi-surely. We
denote by U the set of admissible processes on [0, T| and U|[t, T]
the set of admissible processes on [t, T] i.e. the set of processes u
such that s — us X 1, 11(s) belongs to U.

Let us consider U?[t, T| the set of admissible controls, u, such that
for all s € [t, T] us is FL -measurable where

Fl=0(B, — B u € [t,s]).
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The wealth process

For t € [0, T], u € U[t, T] and x € R" we consider the following
forward SDE (the wealth process) defined quasi-surely:

{dXst’X’” =b(s, X", ug)ds + (s, X", us)dBs, s € [t, T]
Xtt,x,u —x.

And 2BSDE: Vs € [t, T]

T T
t: ’ — t: ’ t: ’ t7 ) t7 ) f,X,I‘ t7 )
ys“_/ f(r,XrX”,y,X”,Z,X”,ur,a,)dr—i—/ Z77M dB =K I
S S
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Assumptions

Here, b: [0, T] x R" x K — R", £ : [0, T] x R" x K — R"™*9,
f:0,T]xR"xRxRY x K x Sd20 — R satisfy the following set
of assumptions:

Assumptions (R):

There exists a constant C > 0 such that for all (x,y, z, u, a),
(x',y' 2, u,a) inR" x R x R x K x Sgo and s € [0, T]:

’b(57X7 U) - b(S,X/, ul)||
||Z(5,X, U) - Z(S,X’, U/)|

If(s,x,y,z,u,a) — f(s,x',y', 2/, U, 3

C(Ix =X+ |u—d)
C (|X—x'| +|u— u'])
Cx=xX+1ly—y+

z 2|+ |u—u|+]a—d)

IN N IA
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The 2BSDE

The 2BSDE: Vs € [t, T]

T T
Vi = [ R, Y, 2wy ) [ 20 dB K
S

S

admits a unique solution (Y, Z,K) € S?(t, T) x H2(¢t, T) x I2.
Moreover, let w € Q,we introduce the following BSDE on [t, T] for
each P € P(t,w):

T T
yBtxu = / Fr, XPou, YR ZE0SU yy a ) dr+ / Z; %" dB, P-a.s.
S S

then

VioU(w) = esssup Yt]P’t’X’”.
PeP(t,w)
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The value function

We now introduce the value function of our control problem:

v t — i f t,x,u — i f YP,t,X,U
(0 =7 = e,

-

H P t7 b P7t7 b :|P)7t7 b

= inf sup E/ [/ f(r, XU Y, 0ol Z258l hy, a)dr].
ueU pep t

Theorem
V(t,x) is deterministic.
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Why “penalization on the model”?

Let ofEF be a deterministic reference volatility model of the
investor. And we define afeF := (oREF)2
For some control process (consumption) = (u;

robust control continuation utility Zf under volatility uncertainty is

) , the investor's

given by

Uy = algé E” [/tT e Als=t) <v(u5) + d(as, aﬁEF)>ds}

Examples
> quadratic penalty term: d(a;, a"F) = ;L (a; — aREF)z.
» Hellinger distance: d"¢(o, o%F) = %( i ) (ooREF)2,
> Relative Entropy: d5"(c, o%F) = In (( + |o — oREF|)? ) ot

Laurent DENIS



The DPP satisfied by the 2BSDE
Let xR, t€[0,T],§€[0, T —t], u €U and n € L>* we
introduce the following backward semigroup

Gyrislnl = Ve (),

where ) is the solution of the following 2BSDE on [t, t + 4]:
t+4§
) = wk [ AR T ), 25 )
S

t+6
t,x,u L, X, r X, r
+/ Z70%dB, — Ky + K
s

Theorem
V satisfies the following DPP:

V(Ex) = eminl GV 8 )
i X t.x,
- ueual(r[]tft+5]) GE::(S[V(t + 67 Xt+X5U)]
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The HJB equation satisfied by V

Theorem
The value function, V, is the unique viscosity solution of the
following second-order differential equation:

O V(t,x) + infuek sup,ee H(t, x, V(t,x), 0x V(t, x), 02, V(t,x),u,a) =0
V(T,x)=0

where
H(t,x,v,p,A u,a) = f(t, x, v,ZT(t,x, u)p,u,a) + (p, b(t,x, u)) +

1
§<A . Z,’(t,X, u), zj'(t,X, u)}a,-aj
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The case where 0" is stochastic (Heston model?)

We now consider the case where the reference volatility is
stochastic. For simplicity, we are assuming that the matrix o’ is
diagonal, The diagonal coefficient are represented by the vector

- ref ref
0= (01,1a"' ’Gd,d>'

Remark

In the general case where o"f

is not necessary diagonal, one has to

. — . . dx(d+1) . .
introduce ¢ taking values in R~ 2 obtained by stacking the
columns of the lower triangular matrix extracted from o"ef :

- ref ref ref ref ref
0= (0'1,17"‘ 70d,150225° " 5042, ° 7Jd,d)'

We assume that & satisfies the following G-SDE:
dos = afs,ds)ds + p(s,ds)dBs,

with initial condition &g which is fixed and deterministic.



Here, a: [0, T] x RY — R9, p: [0, T] x RY — R9* satisfy
Assumptions (R’):

(1) There exists a constant C > 0 such that for all (y,y’) in
R x R? and s € [0, T]:

la(s,y) — a(s, ")+ 1o(s,y) = p(s,¥" )| < C(ly — ¥'l)

(2) «, p are continuous in s

In order to apply previous results we consider the flow generated by
& hence for any t € [0, T] and y € RY we consider ¥, solution of
the following G-SDE:

{ dss” = ofs,557)ds + p(s,557)dBs, s € [t, T]
5€’y — y‘
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The control problem
We introduce the 2BSDE: Vs € [t, T]

T
t,x,y,u __ t.x,u =t, t,x,y,u t,x,y,u
ys Y - / f(r7Xr 7O-ryayr Y 7Zr Y ,u,,a,)dr
s
T
t
+/ Z:,X,%U dBr_IC_Iv_va7u_|__IC§yX7y7U
s

Here, f : [0, T] x R" x RY x R x RY x K x SdZO — R satisfies
usual assumptions
The value function of our control problem now is:

V(t,x,y) — nglyfyxv,U(W)‘

Remark
Let us remark that here the “true” value function is
V'(0,x) = V(0, x,50).
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The trick

We introduce the process
VO<t<s<T, A?;’X’y’u — (X;7X7U’5§7Y)

that we (artificially) consider as the “wealth” process of our
control problem.

We remark that XtXY:¥ takes values in R” x R? and satisfies the
following G-SDE:

{ dX> = b(s, K™, ug)ds + 5 (s, X, us)dBs, s € [t, T]
Xtt7X7y7u — (X, y)‘

where b: [0, T] x R” x RY x K — R"9 and

F:[0, T] x R" x RY x K — R""? x RY are defined in the
following way:

for all (x,y) € R" x RY, t € [0, T] and u € K:

B(t, x,y, u) = <b(t’x’ “)> and (£, x, y, u) = (z(t’x’ “)> .

a(t,y) p(t,y)



Notations

We introduce the following notation for the Hessian matrix of any
real-valued function F defined on R” x R¢:

Din(x,y) = (DiJ(X7Y))1§iJ§d+n
where for all x = (x1,--+ ,xp) and y = (y1, -, yq)

Ox, 0 F(x,y) if1<i,j<n
Dy j(x,y) = Oy,_,0y;_F(x,y) ifn+1<ij<d+1
WA O0x0y,_F(x,y) ifl<i<nandn+1<j<n+d
Ox0y,_,F(x,y) ifn+1<i<n+dandl<j<d
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The HJB equation

Theorem
The value function, V, is the unique viscosity solution of the
following second-order differential equation:

atv(t?xay)
+infuex sup,eo H(t, x,y, V(t,x,y),0<V(), 0, V(), D)%’yV(), u,a)=0
V(T,x,y)=0

where for all

(t,x,y,v,p,q,A u,a) €
[0, T] x R" x RY x R x R” x RY x R(r+d)x(ntd) 5 i 5 §=0-

H(t7X7y7V7p7q7A7u’a) = f<t,X,y,V,ZT(t,X,U)p+,0T(t,y)q,U,a)

+(p, b(t, x, u)) + (g, ot y))
d

1 ~ ~
+3 Zl<A Gt x, ), 5(t, X, U))gesaaiaj
I,J:
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Example

If the case where n = d = 1 then the hamiltonian is:

H(t7X7y7 V(t’ X? y)’ axv(t? X’ y)’ ay V(t7 X? y)? D)%,yv(t7x7y)’ u’ a) —
f(t,x,y, V(t,x,y),o(t,x,u)0V(t,x,y)+ p(t,y)0, V(t,x,y), u,a)

0 V(8% y)b(E, X, u) + 0, V(£ x,y)a(t. )
2
+ 5 (2%, )2V(t,x,y) + (6, )ORV(E x,¥)

+20’(t,X, u)p(t7 X)axay V(t,X,y))
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