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Setting of the problem

Stochastic wave equation

( Ly (1,8) = Sy (1, + b (1,6, u(,8) + W (7,€),

< y(T>O):y(T>1):O7 (]_)
y (0,8) = z0 (¢),

| 2£(0,9) ==1(8), 7€(0,T], £€[0,1],

o W (1,£&) space-time white noise, f: (ex)r>1 0.n. basis in L2([0, 1]),

W (7,8) =) Br(m)er(£);

k>1

e b bounded measurable, g-HOlder continuous in y, 8 € (2/3,1).
e Without noise (¢ = 0) equation (1) not well posed.

b(&,y) =56v/sinE|yl® - Iy <orsy + Yl - Iy <219
—|— 56\4/8T24 sin f . I{|y|22T8} —|— 2T8 I{|y|22T8}.




Setting of the problem

Stochastic wave equation: Abstract reformulation

d2
A = ——— with Dirichlet boundary conditions: in U = L? ([0, 1])

dxz?
D(N) = H} ([0,1]) N H? ([0,1]), D(AY?) = H} ([0,1]), D(AY?) = H1 ([0, 1]).
Set X" = (y(7),%(7))), y solution to (1), = = (xo, z1).

o) I
ANLS)

A positive self-adjoint operator on U ~ H = U x D(A~1/2)

Wave operator: A = ( ) in H = L?([0,1]) x H~1([0,1])

dX%® = AX%%dr + GB(r, X°®)dr + GdW,, 7€[0,T], XJ"=z¢€ H.
where

0 0
GdW, = ( AW ), GB(m,X;) = ( B(r. X.) )



Setting of the problem

Wa(r) = / e(T)AGdW, not well defined in K = D(AY/2) x U even if B=0
0

X evolves in H =U x D(A"1/2) = L2([0, 1]) x H~1([0,1]).
B :[0,T] x H— U Borel, bounded and a-Holder continuous, a € (2/3,1):
|B(t,z + h) — B(t,z)|y < ClhlY, =, h€ H, t € [0,T], a € (2/3,1).
B € By([0,T]; C;*(H,U)), GB € By([0,T]; C;*(H, H)).

Existence of a weak solution: by the Girsanov Theorem

We prove pathwise uniqueness ~» strong existence by the Yamada-Watanabe
principle (see [Ondrejat, Dissertationes Math. 2004]).



Overview on regularization by noise

- A.K. Zvonkin : Mat. Sb.(N.S.) (1974) [be L*°(R): d=1 |
- A.J. Veretennikov: Mat. Sb.(N.S.) (1980) [b € L>*(R%), d > 1)].

Idea of the method: ODEs

e A variant of the Zvonkin-Veretennikov approach: the Ito-Tanaka trick
for SDEs (cf. Flandoli-Gubinelli-Priola 2010) :

b:R — R be an irregular function (it could be Hdlder continuous).

t
thx—I—/b(Xs)ds—I—Wt, t>0, xekR.
0

Write

t
Xt — T — Wt — / b(XS)dS
0



Overview on regularization by noise

Let v be a “regular” solution of
W—Lv=b onR, >0,

L=2% 4+b(z) L then by Itd's formula:

v(Xt) = v(x) —|—/0 v (Xs)dWs —I-/O Lv(Xs)ds
and so
v(Xt) = v(x) —I—/ V(X)) dWs —I—/ (M (Xs) — b(Xs))ds
0 0
and

t t
Xt +v(Xy) =+ v(x) + W 4 / V' (Xs)dW, + )\/ v(Xs)ds
0

0
= uniqueness thank to the regularity of v



Overview on regularization by noise

Idea of the method: non degenerate SPDEs

dX%% = AX%%dr + B(1, X%%)dr + \/QdW., T1€[0,T], XJ°==xzcH.
Assumptions

o A: D(A) € H— H, Ae, = —amen, (an)n>1 NON-decreasing
e BeC([0,T];C}(H,H)), set B, := (B, ey).

e either Tr(Q) < oo or

o IBalla _
2 o

(
o Q; =/ e*4Qe*Y ds and etA(H) € Ql/Q(H), t>0
0

We mainly refer to Da Prato-Flandoli, JFA 2010.



Overview on regularization by noise

Idea of the method

Kolmogorov PDESs:

POT) 4 LU, @) = GB(t2), & € H,Un(T,2) = 0, n > 1
L fl(z) = 3Tr GG* V2 f(x) + (Az, Vf(2))+ < GB(t,x), VUr(t, x)).

U(t,z) = Z Un(t,z)e, ~ Ito-Tanaka trick: Ito formula to U(t, X})
n=1

B(t, X;) = dU(t, X;) — VU(t, X;)/QdW;

mild form for X;:

t
Xy = e (x—-U(0,2)) +U(t, X¢) + / AU (s, X,) ds
0

t t
+ / =AU (s, X)) dW, — / e=)4,/Q dW.
0 0



Wave transition semigroup

Coming back to our setting...

wave equation
dXb® = AXY®dr + GB(7, X'®)dr + GdW,, 1€ [t,T], X *=uz¢€H.
Ornstein Uhlenbeck process for the wave equation
d=%¢ = A=%%dr + GdW,, T1€[0,T], Z=g"=u¢€ H.
Wave transition semigroups
P, [¢] () =E¢ (Z27), ¢ € By(H,R), R, [P](x) =EP ("), P € By(H, H)
(R;)r>0: H-valued transiton semigroup

Regularizing properties: from B, functions, to differentiable and G-differentiable
functions.

VOF(2) = Vo F(z) = lim F(z + sGa) - F(z)

s—0 S

= Ve F'(x), acU, z € H.



Wave transition semigroup

Regularizing properties

{w<t>=Aw<t>+Gu<t>,
w(0) =k e H,

null controllable <+ Imet4 C Im Q;/?

Q; Peth|y < S|hlu, he H;

{ w(t) = Aw (t) + Gu (1),
w(0) =k € Im(G),

null controllable + ImetAG C Im Q;/?

QY2 Galy < -&|A"Y2aly, a€U; (M. AMO 2005, M-Priola JDE 2017)

Ve
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Damped wave + wave transition semigroup

Lemma (first & second order regularization) ® ¢ C,(H,H) Vt >0

C
sup [V Re[®P](z)| < <[ Ploc|klm;
zeH t2

& _ C
Sup Ve Re[@](2)] < t—lllcbllool/\ Y2aly, sup IV Re[ @] (@) | vy < t—;IICDHoo-

sup || Ve(VERIP]) (@) || 1.1y < 2
rxeH t

lim sup sup ||Vi(VER (P (z + v) — Vi(VERIPD) (W) | Lovzry = O.

z—0 |k|=1yeH
Lemma (interpolation)
PeCy(H,H), ke H Vt>0

SUD|kat[¢]('x)|H < 3(1 @)
xeH

Sgg IV(VERAP) (@) || pov.mry < tﬂ [Pl k|-

[P ]la Iklﬂ,

11



FBSDE-wave equation

Forward-Backward system (FBSDE)

(A= = A=Ydr + GdW,, 1€ [t,T],
—t,x
— — I,
< —dYt T =AY + GB(1,=*) dr — ZY* B(,=4%)dT — ZYT dW, T € [0,T],
Yi¥ =0
\ T )

A wave operator ~» — A generator of a semigroup of operators

FBSDE in mild formulation
T T
Yta;‘ _/ —(s T)AGB(S —t, :U) ds — / —(s T)AZt:CB( =t, :c) ds — / 6—(8—7)Az§,1’ AW,

Existence and regularity results (Hu-Peng SAP 1991, Guatteri JAMSA
2007 .) 3 a unique solution (Y, Z) s.t.

T
B sup VR +E [ (2 0m<C sup (Bt
7€[0,T] 0 ’ te[0,T], zeH

12



FBSDE-wave equation

If moreover x — B(r,z), H — U, differentiable, for a.a. 7 € [0,T], then
x — (YH* Zb%) is also differentiable.

Definition of vu(t,z) := Y,"". ~ & — v(t, z)differentiable.
Identification of Z with V%
If x — B(r,x), H — U, differentiable,
Veu(r, =) = Z"k in H P a.s. fora.a. 7€ [t,T]

If v — B(r,z), H — U, HOlder continuous: by an approximation procedure
(see Peszat-Zabczyk AoP 1995) on B

! i=1

to B™ it is associated v"
Ve (r, =) = 2k in H P a.s. for a.a. 7 € [t,T]
let n — oo.
13



FBSDE-wave equation

T T T
v(t,z) = / e DAGB(s, =57 ds — / e DAZLTB(s,Z57) ds + / e=(=DAZte gy,
t t t
T T
=/ e_(s_t)AGB(S,EZ’x) ds—/ e~ DAYy (s, ="YB(s,="") ds
t

_|_/ —(S t)AvG,U(S tl‘) dWs,

taking expectation

T T
v(t, ) ZE/ e~ GDAGB(s, =) ds — / e~ AYCY (s, =) B (s, =4H7) ds
t

t

=/T Rs—¢ [e_(s_t)AGB(s, )} (z)ds — /T Rs—t [6_(S_t)AVGU(37 )B(s,-)| (z)ds

sup  ||Vo(t,2)|| < 1/2; Vi(V9u(t,x)) € By([0,T1; L2(U, H)), k € H.
te[0,Tp], zeH

14



Well posedness-wave equation

dXH = AXMdr + GB(r, X" dr 4+ GdW,, T € [t,T], Xf”” =z,

mild formulation

XU = o)Ay 4 / eIAGB(s, X,)ds + / TIAGAW,, T E [t T].
t t

Set: Y7 = v(r, XLY), Zb = VGu(r, XtY). ~ solution to the BSDE
—dYP® = —AY ?dr + GB(r, Xb®) dr — ZL® dWy, V' = 0.

mild formulation of the BSDE

~

T T
y L :/ e_(S_T)AGB(S,Xg’x) ds—/ e_(S_T)Azz’x dW. T € [0, T].

T

15



Well posedness-wave equation

Link between the FBSDEs: v(t,z) = Y,"* = Y"*

Proposition (M-Priola, JDE 2017) For t = 0 the mild of the stochastic wave
equation can be rewritten as

X007 = ™g 4+ e™0(0,2) — v(r, X*) + / e(T=AT Gy (s, X7) dWs + / eT)AGdW,.
0 0

The “bad” term B has been removed
Proof For 7 € [0,T]

T T
e Y 0T = eTA/ e~ AGB(s, X0%) ds — eTA/ e~ TAZ0T gy,
T T

T T
T=0: Yy " =v(0,x) = / e *AGB(s, X%%) ds — / e SAZ9% qw,.
0 0
So

/ e(T_S)AGB(s,Xf) ds = €™ (0,x) — v(r, X%) — / e(T_S)AVGv(S,Xf) dW
0 0

16



Well posedness-wave equation

Theorem (M-Priola, JDE 2017) For the stochastic wave equation (1) path-
wise uniqueness holds. 4 ¢ >0 s. t.

sup E|X™ — X™|2 < clzy — 20|%, x1,22 € H
7€[0,T]

Proof X1, X2 starting at z1, zo. By the proposition
X X2 = ez — x2) + € w(0, 1) — v(0, z2)]
—[v(r, X)) —v(r, X2)] + / TV (s, X1) — Vu(s, X2)] dW..
0
by regularity properties of v
le™(z1 — x2) |5 + [€*[v(0, 1) — v(0,22)]|z + [v(7, X}) — v(7, XD)|n
< Clas — malu + S|XI — X2y

17



Well posedness-wave equation

by Ito isometry

E’/ eT=DAIVCy (s, X1) — VCu(s, X?
0

<E / [7C0(s, X2) = VOu(s, X220 mydls
0

(er)r basis in U

/ IV90(s, X1) = (s, X2) 2 rmyds = 3 E / Vev(s, X)) =Veo(s, XDlds
k>1

< stup|ks|up IV VY (t, )3, 0.1 / E| X! — X2|%ds.

Gronwall Lemma: for x1 = x> ~ uniqueness.
For x1,z0 € H, x1 # x> ~ Lipschitz continuous dependence on the initial data.

By the Yamada-Watanabe Theorem: there exists a strong solution to (1).

18



Stochastic damped wave equation
Stochastic damped wave equation

([ 92y Oy Oy .
—2(t) = —Ay(t) — pA*=Z(t) + b | t,y(t), = (¢ W), te (0,T],
2a) = ~Ay(0) ~ AL 4+ (100, o) ) + WD), v € (0,71
1 ¥(0) = yo, (2)
Oy
—(0) = 1, e p>0,ac(0,1)
. Ot
e b bounded measurable, 5-Hoblder continuous in y, 8 € (84,1) with
2
~ o c [07%] 3
Ba = 3 1
2-= ael31),

Q

e Without noise (¢ = 0) equation (2) not well posed.

19



Stochastic damped wave equation

Stochastic damped wave equation:Abstract reformulation

2

N\ = > with Dirichlet boundary conditions: in U = L? ([0, 1])
T

D(A) = Hg ([0,1]) n H?([0,1]), D(AY?) = H; ([0,1]), D(AY2) = H ' ([0,1]).
Set X7 = (y(1),%(7))), y solution to (2), z = (wo,z1).

Damped wave operator: A, , = (_O/\ —pI/\a> ,in H := L?([0,1]) xH~*([0,1])

dX°%% = A, ,X°%%dr + GB(1, X%%)dr + GdW,, 7¢€[0,T], Xg°==z¢€H.

where

_ (o _( o — 0
G .= (I), GdWT_(dWT ), GB(T,XT)_ ( B(T,XT))

20



Setting of the problem

dX; = .Aa,pXtdt + GdW;, t e [O,T],
Xo = (a:é,:c%)T c H.

Well posedness in H in mild sense
t
X, = Moy 4 / et=AwqdW,, te [0,T).
0
~» study the stochastic convolution
t
Wy (t) == / elt=)AwGdw,, t e [0,T],
0

~ prove that f(;‘FHetAWGH%Q(UH) dt < +oo.: assume A~! trace class operator
U—=U.

t
Covariance opertator Qf"p = / esA GG esMerds trace class operator
0

spectral decomposition of A, ,: Chen-Russel 1981, Triaggiani 1988, Lasiecka-
Triggiani 2003

21



Damped wave transition semigroup

Damped wave equation
dXb = A, ,Xb%dr + GB(r, X1®)dr + GdW,, t€[t,T], X/"=az¢€ H.
3
Ornstein Uhlenbeck process for the damped wave equation with o € [O,Z)
dEgvx — Aa,ng’xdT —+ GdW, T € [O, T] , Eg’x = x € H.
Damped wave transition semigroups

Pr[¢] (z) = Ep (Z27), o€ By(H,R), R, [®] (z) =E® (=27), & € By(H, H)

(R;)r>0: H-valued transiton semigroup

e Regularizing properties: from B, functions, to differentiable and G-differentiable
functions.

22



Damped wave transition semigroup

Regularizing properties

{wszwwm+wa,
w(0) =k e H,

null controllable « Im etAw C Im Q;/?

1/2
Q; 2etAwhly < lhly, h€ H;

{w@=Awwm+Guw,
w(0) =k € Im(G),

null controllable < Imef4~G C Im Qtl/z

|Qt—1/2€tAa,pGa|H < Z|AN"Y2aly, a € U. (Addona-M-Priola 2021)

ne

23



FBSDE- damped wave equation

—A.,, damped wave operator ~ —A, , is not the generator of a semigroup of
operators

take A&,p Yosida approximants of A, , and then pass to the limit
Forward-Backward system (FBSDE)
(A= = AL =0 dr + GdW,, T € [t,T],

—dY! = - Al Y 4+ GB(r,ZY™) dr — ZL™ B(r,ZY™)dr — 227 dW,, T € [0,T],
V' =0
\ T ’

Set vI(t,x) 1= Y;b®,
. T T
v/ (t, ) ZE/ e~ DAGB(s, =) ds — E / e~ DALY Gy (s, ZL")B(s, =47) ds
t t

T ‘ T _
— / Rs_s [e_(s_t)““?ﬂGB(s,-)] () ds — / Rs_: [e_(s_t)AZWVGU(s,-)B(s,-) () ds
t t

~+ NO convergence here if we let j — 4o0.
regularity of v from reqgularizing properties of R;
24



FBSDE- damped wave equation

v (t, @) = /tT Rs 4 [6_(8_15)“4&%(?3(8, ')} (z)ds — /tT R, [6_(S_t)Ai»PVG’U(8, ) B(s, -)] (z)ds

Set v/ (t,z) 1= T4,y We can prove that ¥/ satisfies

P (t,x) = /t ' Ry [e@—s)v“fapaé(s, .)] (z)ds + /t ; Rs_y [vGa}j(s, O (s, .)} (z)ds,

Now we can we let j — 4o0: v(t,z) = lim;_ 4o 0/ (¢, )
T N To . ~

:l\)/(t,ZU) L= / Rs—t [G(T_S)A(WGC(Sa )] (Zl?)dS +/ Rs—t [VG:JJ(S7 ')C(Sa ) (ZE)dS,
t t

25



Well posedness-damped wave equation

dXb = A, ,Xb%dr + GB(r, X!")dr + GdW,, t€[t,T], X/"=z¢€ H.

mild formulation

X% = (T DAy / e DANG B (s, Xs)ds + / e AnGdW,, T € [t,T].
t t
By the definition of ¥/ and by BSDEs techniques
/ T4 GB(s, XT)ds = ey —I—/ (T4, Z02I q W,
0 0
= 27(0, ) +/ Ve (s, X2)dWs, VT € [0,T].
0

26



Well posedness-damped wave equation

Proposition (Addona-M-Priola) For t = 0 the mild form of the damped
stochastic wave equation can be rewritten as

XS,SC :eTA(W):C _I_ / (e(T—S)Aa,ﬂ —_ e(T—S)Ai,p) B(S, Xg:)ds _|_ /1\)/‘7(0, CU)
0

+ / VO (s, XT) dW, + / e(T= A Gaw,.
0 0
The “bad” term B appears through

/ (e(T_S)Aavﬂ — e(T_S)AJW) B(s,X%)ds := & (t) — 0,as j — oo
0

27



Well posedness-damped wave equation

Theorem (Addona-M-Priola) For the stochastic damped wave equation (2)
pathwise uniqueness holds. 3 ¢> 0 s. t.

sup E|X* — X*|2, < c|lz1 — x2|%, w1,220€ H
7€[0,T]

Proof X!, X2 starting at =1, zo. By the proposition
X} — X2 = e (a1 — 32) + ™ [07(0, 21) — 97 (0, 22)]

+67(t) + 64(t) + /O (T4 [ V9 (s, X 1) — V& (s, X2)] AW,

by regularity properties of v

™ (21 — @2) i + |7 [07 (0, 21) — 97(0,22)]|n < Clay — a2l

T ‘ ) 2
]E| / AT (s, X1) — VOT (5, X2)] dW,|” < CE|XL — X2[2,ds
0

Gronwall Lemma: for 1 = x» ~» uniqueness.
For x1 #%= x> ~» Lipschitz continuous dependence on the initial data.
By the Yamada-Watanabe Theorem: there exists a strong solution to (2).

28



A unified BSDE approach

e wave equation: Study a FBSDE, set v(t,z) := Ytt’x that solves
T
v(t,z)= / Rs—4 [6_(S_t)AGB(S, )} (z)ds
t
T
—/ Rs_+ [6_(S_t)AvGU(S, ) B(s, )} (x) ds
t

e damped wave equation Study an approximated FBSDE, set
(L, x) = el ALY BT satisfies

To , - 1o . N
W (t,2) = / Ryt [e9%.G0 (s, )] (x)ds + / Ryt [ VO (s,)0(s, )] (@)ds
t t

e evolution equations of parabolic type: start from the integral PDE above,
with different approximations of the operator A

29



A unified BSDE approach

dX7" = AX7"dr + GB(7, X7")dr + GdW;, 7€ [t,T],0<t <,
Xf’x =z € H,

Xp¥ e 227, if B = 0; R[®)(z) :=E[®(=)], t >0, ® € By(H, H)
T T
v(t,z) = /t Rs_¢ [e(T_SMOGBS, )} (z)ds —|—/t Rs—¢ [VG’U(S, )B(s, )} (z)ds,

ul (t,z) = /t "R TINGB(s, )| (w)ds + /t "R Vol (s,)B(s,)] (2)ds.

Ap generator of a Cp-semigroup; A, generator of a Cp- group of operators

sup sup HetA"HL(H) = Kr<oo, limete=¢c%% xzeH, t>0.
tc[0,T] n>1 n—00

SUE |UZ(07 x + y) - uZL‘(Oa x)|H < Cr |y|H7 Yy € H,
re

sg5||v?u2(t,x+y> — VUl &) oy < BT =) yE, te€(0,7), y€H.

30



A unified BSDE approach

dX%" = AX>"dr + GB(r, X" dr + GdW, r € [0, T],
Xg* == € H, X7 = X"

X* =2 + / (e(T_S)A — e(T_S)A”) GB(s, X7)ds + / e(T)AMGB(s, X?)ds
0 0

—I—/ e(T)AGdW,, vr € [0,T].
0
Proposition ( Addona-M-Priola) For any n € N and any 7 € [0,T] we have

X® =™z + / (e(T_S)A — e(T_S)A”) GBs, X )ds
0

+u;(o,x)+/ vGu;(s,X;C)dWSJF/ eTAGdW,, P-a.s..
0 0

Theorem 3 ¢c=¢(T) >0 s.t. Vo1, 20 € H

sup E[| X} — X[?|3] < clz1 — 2|3,
te[0,T]

~~ uniqueness -+ Lipschitz continuous dependence
31



A unified BSDE approach

e Formally u/ solves

.
PthD) 4 Ll (1 )@) = T ONGB(L), e H, te[0,T],

’U’Z;(T7 x) — Oa S Ha

where L:f(x) := %TI’[GG*VQf(x)] + (Ax, Vf(x)) + (GB(t,x),Vf(x))

~ Wwe perform regularization by noise for stochastic heat equation in dimension
d = 3 not reached in Da Pranto-Flandoli JFA 2010

Da Pranto-Flandoli JFA 2010 —e(7-D4.GRB is replaced by GB.
o v, ;= e (T-DAyT formally solves

ov! (t,x) T . T
o Ll (4,))(@) = Awvj(t,2) — GB(t,w), @ € H, t€[0,T],

vl (T,z) =0, x € H,

similar to the PDE used for the wave equation

32



Further developments

stochastic (damped ) wave equations with multiplative noise: gradient
estimates to prove regularizing properties of the transition semigroup

application to regularization by noise

application of dilations theorems (van Neerven, Veraar ) that give a group
of operaotrs in a larger space.

BSDE approach for other problems of regularization by noise

33
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