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WED principle for deterministic evolution equations

General variational setting

We consider evolution equations in the form

∂tu(t) + ∂φ(u(t)) 3 0 in H , t ∈ [0,T ] , u(0) = u0 ,

where:

H is a real separable Hilbert space, T > 0

φ : H → [0,+∞]: proper, convex, lower semicontinuous on H

∂φ : H → 2H subdifferential of φ

u0 ∈ H: initial datum

Ideas of the Weighted-Energy-Dissipation (WED) principle:

introduction of global-in-time convex functionals Iε on trajectories,
with ε > 0 positive parameter

Iε admits a unique minimizer uε
uε is a solution to an elliptic-in-time regularization of the equation

uε → u in suitable topologies
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WED principle for stochastic evolution equations

The WED principle for deterministic equations

Form of WED functionals:

Iε(v) :=

∫ T

0
e−t/ε

[ ε
2
‖∂tv(t)‖2H + φ(v(t))

]
dt

if v ∈ H1(0,T ;H) , φ(v) ∈ L1(0,T ) , v(0) = u0 ,

Iε(v) := +∞ otherwise .

Regularized equation satisfied by the minimizer uε of Iε:

−ε∂2
t uε + ∂tuε + ∂φ(uε) 3 0 , uε(0) = u0 , ε∂tuε(T ) = 0 .

Main advantages:

approximability of nonlinear equations with convex minimization problems

convex minimization is usually easier to handle

relation to analytical theory and numerical approximation
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WED principle for stochastic evolution equations

What happens in the stochastic case?

General form of nonlinear stochastic equation:

du + ∂φ(u) dt 3 B dW , u(0) = u0 ,

where:

(Ω,F , (Ft)t∈[0,T ],P) filtered probability space

V separable reflexive Banach space, H Hilbert space: V ↪→ H ↪→ V ∗

W : cylindrical Wiener process on a Hilbert space U

B ∈ L2(Ω; L2(0,T ; L 2(U,H))): stochastically integrable Hilbert-Schmidt coefficient

∂φ : V → 2V
∗
and p ≥ 2 such that

〈w , z〉V∗,V ≥ c ‖z‖pV , ‖w‖V∗ ≤ C(1 + ‖z‖p−1
V ) ∀ (z,w) ∈ ∂φ

u0 ∈ H: initial datum

In this setting, the equation admits a unique solution (Pardoux, Krylov-Rozovskĭı)

u ∈ L2(Ω;C0([0,T ];H)) ∩ Lp(Ω; Lp(0,T ;V )) .

QUESTION: WED principle for SPDEs?
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WED principle for stochastic evolution equations

The WED functionals in the stochastic case

Reformulation of the equation: we look for an Itô-type process

u(t) = ud (t) +

∫ t

0
us(s) dW (s) , t ∈ [0,T ] ,

such that 
∂tud (t) + ∂φ(u(t)) 3 0 t ∈ (0,T ) ,

us = B ,

u(0) = u0 .

Banach space of Itô processes:

I2,2(H,H) :=
{
v : Ω× [0,T ]→ H , v = vd + v s ·W

vd ∈ L2(Ω;H1(0,T ;H)) , v s ∈ L2(Ω; L2(0,T ; L 2(U,H)))
}

∼= L2(Ω;H1(0,T ;H))⊕
[
L2(Ω; L2(0,T ; L 2(U,H))) ·W

]
Idea for the WED functionals in the stochastic case:

Iε(v) :=E
∫ T

0
e−t/ε

[
ε

2
‖∂tvd (t)‖2H + φ(v(t)) +

1
2
‖(v s − B)(t)‖2L 2

]
dt

if vd ∈ L2(Ω;H1(0,T ;H)) , φ(v) ∈ L1(Ω× (0,T )) , v(0) = u0 ,

Iε(v) := +∞ otherwise .

Luca Scarpa (Polimi) SPDEs via convex minimisation BSDE2022 Annecy 6 / 15



WED principle for stochastic evolution equations

The WED functionals in the stochastic case

Reformulation of the equation: we look for an Itô-type process

u(t) = ud (t) +

∫ t

0
us(s) dW (s) , t ∈ [0,T ] ,

such that 
∂tud (t) + ∂φ(u(t)) 3 0 t ∈ (0,T ) ,

us = B ,

u(0) = u0 .

Banach space of Itô processes:

I2,2(H,H) :=
{
v : Ω× [0,T ]→ H , v = vd + v s ·W

vd ∈ L2(Ω;H1(0,T ;H)) , v s ∈ L2(Ω; L2(0,T ; L 2(U,H)))
}

∼= L2(Ω;H1(0,T ;H))⊕
[
L2(Ω; L2(0,T ; L 2(U,H))) ·W

]
Idea for the WED functionals in the stochastic case:

Iε(v) :=E
∫ T

0
e−t/ε

[
ε

2
‖∂tvd (t)‖2H + φ(v(t)) +

1
2
‖(v s − B)(t)‖2L 2

]
dt

if vd ∈ L2(Ω;H1(0,T ;H)) , φ(v) ∈ L1(Ω× (0,T )) , v(0) = u0 ,

Iε(v) := +∞ otherwise .

Luca Scarpa (Polimi) SPDEs via convex minimisation BSDE2022 Annecy 6 / 15



WED principle for stochastic evolution equations

The WED functionals in the stochastic case

Reformulation of the equation: we look for an Itô-type process

u(t) = ud (t) +

∫ t

0
us(s) dW (s) , t ∈ [0,T ] ,

such that 
∂tud (t) + ∂φ(u(t)) 3 0 t ∈ (0,T ) ,

us = B ,

u(0) = u0 .

Banach space of Itô processes:

I2,2(H,H) :=
{
v : Ω× [0,T ]→ H , v = vd + v s ·W

vd ∈ L2(Ω;H1(0,T ;H)) , v s ∈ L2(Ω; L2(0,T ; L 2(U,H)))
}

∼= L2(Ω;H1(0,T ;H))⊕
[
L2(Ω; L2(0,T ; L 2(U,H))) ·W

]
Idea for the WED functionals in the stochastic case:

Iε(v) :=E
∫ T

0
e−t/ε

[
ε

2
‖∂tvd (t)‖2H + φ(v(t)) +

1
2
‖(v s − B)(t)‖2L 2

]
dt

if vd ∈ L2(Ω;H1(0,T ;H)) , φ(v) ∈ L1(Ω× (0,T )) , v(0) = u0 ,

Iε(v) := +∞ otherwise .

Luca Scarpa (Polimi) SPDEs via convex minimisation BSDE2022 Annecy 6 / 15



WED principle for stochastic evolution equations

The Euler–Lagrange equation in the stochastic case

Regularized equation at ε > 0: uε and ∂tudε are both Itô processes, and
−ε∂t(∂tudε )d + ∂tudε + ∂φ(uε) 3 0 ,
usε = B + ε(∂tudε )s ,

ε∂tudε (T ) = 0 ,
uε(0) = u0 .

Setting vε := ∂tudε and Gε := (∂tudε )s , this equivalent to a forward-backward stochastic system
for (uε, vε):{

duε = vε dt + (B + εGε) dW ,

uε(0) = u0 ,

{
−εdvε + vε dt + ∂φ(uε) dt 3 −εGε dW ,

εvε(T ) = 0 .

Difficulties:

well-posedness of forward-backward system (ε fixed): backward stochastic equation

equivalence of the Euler-Lagrange system (ε fixed): martingale representation theorems

passage to the limit (ε→ 0+): requires a forward-backward version of Itô’s formula
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WED principle for stochastic evolution equations

Main results

Theorem (S.–Stefanelli, Comm. in PDEs (2021))

In the current setting, the following holds.

For all ε > 0 the functional Iε admits a unique global mimiser uε ∈ I2,2(H,H).

The minimiser uε is the unique solution of the forward-backward Euler-Lagrange system, in
the sense that there exists a triplet (vε, ξε,Gε) such that

uε ∈ L2(Ω;C0([0,T ];H)) ∩ Lp(Ω; Lp(0,T ;V )) ,

vε ∈ L2(Ω;C0([0,T ];V ∗)) ∩ L2(Ω; L2(0,T ;H)) ,

ξε ∈ Lp
′
(Ω; Lp

′
(0,T ;V ∗)) ,

Gε ∈ L2(Ω; L2(0,T ; L 2(U,H))) ,

uε(t) = u0 +

∫ t

0
vε(s) ds +

∫ t

0
(B(s) + εGε(s)) dW (s) ∀ t ∈ [0,T ] , P-a.s. ,

εvε(t) +

∫ T

t
vε(s) ds +

∫ T

t
ξε(s) ds = −ε

∫ T

t
Gε(s) dW (s) ∀ t ∈ [0,T ] , P-a.s. ,

ξε(t) ∈ ∂φ(uε(t)) for a.e. t ∈ (0,T ) , P-a.s.
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WED principle for stochastic evolution equations

Main results

Theorem (S.–Stefanelli, Comm. in PDEs (2021))

As ε→ 0+ it holds, for all s ∈ (0, 1/2), that

uε ⇀ u in Lp(Ω; Lp(0,T ;V )) ∩ Lp
′
(Ω;W s,p′ (0,T ;V ∗0 )) ,

ξε ⇀ ξ in Lp
′
(Ω; Lp

′
(0,T ;V ∗)) ,

− vε ⇀ ξ in Lp
′
(Ω; Lp

′
(0,T ;V ∗0 )) ,

εvε → 0 in Lp
′
(Ω;C0([0,T ];V ∗0 )) ∩ L2(Ω; L2(0,T ;H)) ,

εGε → 0 in Lp
′
(Ω; L2(0,T ; L 2(U,V ∗0 ))) ,

where u is the unique solution to the original SPDE, namely

u(t) +

∫ t

0
ξ(s) ds = u0 +

∫ t

0
B(s) dW (s) ∀ t ∈ [0,T ] , P-a.s. ,

ξ(t) ∈ ∂φ(u(t)) for a.e. t ∈ (0,T ) , P-a.s.

In particular, if p < 4 and V ↪→ H compactly, then

uε → u in Lr (Ω; Lp(0,T ;H)) ∀ r ∈ [1, p) .
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WED principle for stochastic evolution equations

Sketch of the proof

Point 1: replace φ with the Moreau-Yosida regularisation φλ, λ > 0.

define the regularized WED functionals

Iε,λ(v) :=E
∫ T

0
e−t/ε

[
ε

2
‖∂tvd (t)‖2H + φλ(v(t)) +

1
2
‖(v s − B)(t)‖2L 2

]
dt

if v ∈ I2,2(H,H) , v(0) = u0 ,

Iε,λ(v) := +∞

if v ∈ I2,2(H,H) , v(0) 6= u0 .

where

I2,2(H,H) :=
{
v = vd + v s ·W : vd ∈ L2(Ω;H1(0,T ;H)) ,

v s ∈ L2(Ω; L2(0,T ; L 2(U,H)))
}
.

consider the approximated forward-backward system{
duε,λ = vε,λ dt + (B + εGε,λ) dW ,

uε,λ(0) = u0 ,

{
−εdvε,λ + vε,λ dt + Dφλ(uε,λ) dt = −εGε,λ dW ,

εvε,λ(T ) = 0 .
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WED principle for stochastic evolution equations

Sketch of the proof

Point 2: solve the problem at λ fixed and let λ→ 0

Iε,λ : I2,2(H,H)→ [0,+∞] admits a unique minimiser uε,λ

characterise the subdifferential ∂Iε,λ : I2,2(H,H)→ 2I
2,2(H,H)

uε,λ is the unique solution to the regularised forward-backward problem

Point 3: let λ→ 0

it holds that uε,λ → uε for some uε, in suitable topologies

uε is the unique solution of the non-regularised forward-backward problem

uε is the unique minimiser of the non-regularised WED functional Iε

Point 4: let ε→ 0

a forward-backward Itô formula holds

uε → u, where u is the unique solution of the original problem
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uε → u, where u is the unique solution of the original problem
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WED principle for stochastic evolution equations

Form of ∂Iελ

Equivalence between convex minimisation and forward-backward system in based on the following:

Lemma

The subdifferential of Iελ : I2,2(H,H)→ [0,+∞] is the operator

∂Iελ : I2,2(H,H)→ 2I
2,2(H,H)∗

defined in the following way:

D(∂Iελ) := {z ∈ I2,2(H,H) : zd (0) = u0} ,

and, for every z ∈ D(∂Iελ) and w ∈ I2,2(H,H)∗, w ∈ ∂Iελ(z) if and only if there exists
w̃ ∈ I2,2

0 (H,H)⊥, with

I2,2
0 (H,H) := {z ∈ I2,2(H,H) : zd (0) = 0} ,

such that, for every h ∈ I2,2(H,H),

〈w , h〉I2,2(H,H) = E
∫ T

0
e−t/ε

[
ε(∂tz

d (t), ∂th
d (t)) + (Dφλ(t, z(t)), h(t))

+((zs − B)(t), hs(t))L 2(U,H)

]
dt + 〈w̃ , h〉I2,2(H,H) .
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Future developments

Future research directions

1) WED approach for ill-posed stochastic evolution equations:

non-uniqueness: selection of a solution (!)

non-existence: generalised concept of solution (!!)

extension of calculus of variations to stochastic framework

2) WED approach for doubly nonlinear stochastic evolution equations:

Doubly nonlinear stochastic evolution equations (Di Benedetto-Showalter):{
∂t(A(u)) + B(u) 3 f ,

u(0) = u0 ,
;

{
d(A(u)) + B(u) dt 3 G(u) dW ,

u(0) = u0 .

Doubly nonlinear stochastic evolution equations (Colli-Visintin):

{
A(∂t(u)) + B(u) 3 f ,

u(0) = u0 ,
;


u = ud + us ·W ,

A(∂tud ) + B(u) 3 f ,

us = G(u) ,

u(0) = u0 .
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Future developments

Future research directions

3) Forward-backward SPDEs via convex minimisation:

Question

Can we solve forward-backward stochastic systems via convex minimisation?

Question

When can a general forward-backward stochastic system{
du = F (u, v) dt + (B + G) dW ,

u(0) = u0 ,

{
−dv + H(u, v) dt = −G dW ,

v(T ) = vT .

be seen as the Euler-Lagrange equation of a convex functional?

So far, proved if F (u, v) = v and H(u, v) = v + Dφ(u), with φ convex.

Idea: it may hold in general for H(u, v)− F (u, v) = Dψ(u), with ψ convex.

What happens if one changes the exponential weight in the cost functional?
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Thank you

THANK YOU FOR YOUR ATTENTION!

https://sites.google.com/view/lucascarpa
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