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LSetting

LNotation, spaces and assumptions

For Lévy-processes X: We consider

T T
Y, =¢ +/ f(s, Ys, Zs, Us)ds — / ZodW,— Us(x)N(ds, dx),
t t 1t, TIxR¢

0<t<T,

X has Lévy-1t6 decomposition

Xt = ’Yt+JWt+/

xN(ds, dx)+/ xN(ds, dx)
(0,e]x{Ix|<1}

(0,e]x{|x[>1}

and Lévy-measure v.

N, Iv...(compensated) Poisson random measure.
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LNotation, spaces and assumptions

Assumptions for the BSDE

T T
Ye=t+ | F(s, Ve Ze, Us)ds — / Z,dW, — Us(x)Ri(ds, dx).
t t 1t, TIxRg

0<t<T,

mélelP,p>1

= searching for solutions (Y, Z, U) in SP x LP(W) x LP(N),
where
m 5P = {Y 1 Y prog.-mble. and Esup,cjo 77| Y:|P < oo}

u LP(W) :{z Z prog.-mble. and]E(fO \Zt|2dt) <oo}

w LP(N) = {U U prog.-mble. and E(fofRd |Ue(x) dt) < oo}



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison
LSetting

LNotation, spaces and assumptions

Generators for the BSDE

T T
Vo=t / (s, Yo, Ze, Us)ds — / Z,dW, — V() i(ds, di).
t t 1t, TIxRg

0<t<T,

are assumed such that



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison
LSetting

LNotation, spaces and assumptions

Generators for the BSDE

T T
Vo=t / (s, Yo, Ze, Us)ds — / Z,dW, — V() i(ds, di).
t t 1t, TIxRg

0<t<T,

are assumed such that
mf:Qx[0,T] xR?x L?(v) - R



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison
LSetting

LNotation, spaces and assumptions

Generators for the BSDE

T T
Vo=t / (s, Yo, Ze, Us)ds — / Z,dW, — V() i(ds, di).
t t 1t, TIxRg

0<t<T,

are assumed such that
mf:Qx[0,T] xR?x L?(v) - R
m such that (t,w) — f(w,t,y, z, u) is progressively measurable
for all (y, z, u).



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison
LSetting

LNotation, spaces and assumptions

Generators for the BSDE

T T
Vo=t / (s, Yo, Ze, Us)ds — / Z,dW, — V() i(ds, di).
t t 1t, TIxRg

0<t<T,

are assumed such that
mf:Qx[0,T] xR?x L?(v) - R
m such that (t,w) — f(w,t,y, z, u) is progressively measurable
for all (y, z, u).

® (y,z,u) — f(w,t,y, z,u) is continuous P-a.s.
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LSetting

LNotation, spaces and assumptions

Growth condition in y:

T T
:5ﬁ/f@ﬂj“@$—/‘LW%— Us () i ds, dx),
t t 1t, TIxRd

0<t<T,

= [f(w,t,y,0,0)] < Ke(w, t) + 1 (2), for |y| < r.
m Kr is a nonnegative progressively measurable process such
that E [fo Ks(s ds} <C, P-as.

m For aII r > 0, 1, is nonnegative, progressively measurable and
Efo r(s)ds < .
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m 0<aecllo,T]



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison
LSetting

LNaturaI monotonicity for LP-settings

Extended monotonicity condition, p > 2:

T T
Y =¢& +/ (s, Ys, Zs, Us)ds — / ZsdWs — Us(x)N(ds, dx),
t t 1t, TIxRg

0<t<T,

wly —yP 2y =y f(ty,z,u) — £(ty, 2, ) <
a()p(ly =y' Py = y'1P2 + u(t)ly — y'P
+(0)ly = y'1P 2 = 2+ [Ju = ]|,)

m 0<acl0,T])

m /i, 0 nonnegative, progressively measurable and
fOT (1(s) + B(s)?) ds < ¢, P-as.
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LNaturaI monotonicity for LP-settings

Extended monotonicity condition, p > 2:

T T
Ye=€+ | F(s, Ve Ze, Us)ds — / Z,dW, — Us(x)Ri(ds, dx).
t t 1t, TIxRg

0<t<T,

u |y _y/|p—2<y _ylv f(tayaza U) - f(t,_y/’z,7 Ul)> <
a(t)olly =y )y = y'IP~2 + plt)ly — y'IP
+B(t)ly —y'IP |z = 2| + [lu = ],)

m p: [0, 00[ — [0, 0] is concave, nondecreasing, p(0) = 0,

f0+p dx = oo and I|mx\op(x)—0
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LNaturaI monotonicity for LP-settings

Extended monotonicity condition, 1 < p < 2::

T T
Y, =&+ / £(s, Yy, Zo, Us)ds — / Z.dW, — Us(x)Ri(ds, dx),
t t 1t, TIxRg

0<t<T,

u |y _y/|p—2<y _ylv f(t,_y,Z, U) - f(t,_y/’z,7 Ul)> <
a(t)p(ly =y'1P) + u(t)ly = y'IP
+Hy =y PH(Bu(t)|z = 2| + Ba(t) |u — u'l|)

w o L]0, T])

] foT(/)’l(t)2 + B2(s)9)ds < ¢, P-a.s. for some g > 2.
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LNaturaI monotonicity for LP-settings

We consider it 'natural’, because the above condition

m harmonizes well with the proof techniques using the
BDG-inequality and related maximal inequalities for
jump-martingales.

m The function p, extending the monotonicity to an Osgood
condition allows to extend standard techniques which normally
use Gronwall’s inequality through the Bihari-LaSalle-inequality.

m We avoid the definition of specially designed spaces, just

keeping the SP x LP(W) x LP(N) also for the case 1 < p < 2.
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L Existence and uniqueness

Existence theorem in the present case:

Theorem

If € € LP and p > 1, and the mentioned assumptions hold for f,
then there exists a unique solution to the given BSDE s.t.

P
Esup, |Yel? +E [ [ (1ZeP + | Uel2)dt] * < oo

A priori estimate:

Theorem
Let (&,1), (&, f') satisfy the above assumptions. Then

2
2

T T g
supE|Y; — Y|P +E [/ |zt—z;|2ds] +E U |Us — U{||§dt}
t 0 0

)

h(u, V) —0 if(u, V) — (0, 0) 12/21

.
/ F(, Yo, Z2, Us) — F(2, Yo, Z2, Us)dt
0

Sth—emm
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L Existence and uniqueness

Similar settings have been considered e.g. in:

Kruse and Popier '16, '17

Yao '17

C. Geiss and S. '18

growth in y p activity coefficients
p > 2 OK,
Kruse & general l<p<?2 infinite constant
Popier in special
spaces
Yao general l<p<?2 finite p, time-dep.
G.& S. linear p =2 only infinite p, time-dep.
K.& S. general p>1 infinite p, time-dep.
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f(t,y,z,u) —f(t,y,z,u') < /R\{o}(u'(x) — u(x))v(dx),

for all u,u’ € L?(v),u < u'.

Theorem
Then, Y: < Y{, P-as.
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La comparison theorem

Proof techniques:

= Nice proof for v(R) < oc:

Roughly: After using Itd's formula, split up the difference
u— u' into sets where u < v’ and u > v/. Then use (Av) and
the Osgood condition, and end up with Bihari-LaSalle.

m Approximate the original BSDE by BSDEs driven by processes
X" with finite Lévy measures.
(C. Geiss & S. — linear growth in y)

m Now: 'Cut off’ the Lévy measure directly.
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Back to the Lévy-1t6 decomposition:

Xt:’yt+UWt+/

xN(ds, dx) +/ xN(ds, dx)
(0, e x{[x|<1}

(0,2]x{[x|=1}
m Define X" by
X: = ’yt‘i‘O'Wt—i-/ X/V(dS, dX)+/ XN(CI’S, dx)
(0,e]x{} <|x|<1} (0,t]x{Ix|>1}

F", F[ all generated by X"
(F"™), becomes a filtration

X" has finite Lévy measure
E"=E[- |F"].

16 /21



BSDEs with Jumps in the LP-setting: Existence, Uniqueness and Comparison

La comparison theorem
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] Enyt — Yt

m Show that for n large enough a comparison theorem holds.
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La comparison theorem

Cut-off-BSDE:

T T
E"Y; = E"¢ +/ E"f(s, Ys, Zs, Us)ds —/ E"Z.dW,
t t

—/ E"Us(x)N(ds,dx), 0<t<T,
16, T]x {|x|< )}

m E7 Yt — Yt

m Show that for n large enough a comparison theorem holds.

m Still there are issues...
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¢ — E[(|F"] OK

f(t,Ye, Ze, Us) = E[f(t, Ve, Ze, Up)|F"]  CAUTION

m f depends on parameters, conditional expectation does not
necessarily define a measurable process. We need a version of
E"f progressively measurable in t and continuous in (y, z, u).

m — taking optional projections f"”:° with respect to (P"),
(progressive sets defined by X"), is only possible for bounded
or nonnegative processes.

18/21
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La comparison theorem

Way out:
Let K be a progressively measurable process with
E [, |K(s)|ds < co.

Represent K by a functional K(t,w) = FKX(X(w), t), up to
indistinguishability.
FK: {cadlag functions} x [0, T] — R , measurable.

Now, FK(X,t) = FK(X" + (X — X"), 1),
X", X — X" independent

Then EFX(v + X — X", t) defines a progressively measurable
version of (E"K(t)):
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