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Sannikov’s problem: the Agent’s problem

Let X be the R-valued output process, A ⊂ R and A be the set of
A-valued controls. For α ∈ A, we consider the probability Pα such that

Xt = X0 +

∫ t

0
αsds + σW α

t Pα−a.s.,

where W α is a Pα−standard Brownian motion. Given a contract
C := (π, ξ, τ) by the Principal, the Agent faces the problem

VA := sup
α∈A

EPα
[
u(ξ)e−rτ +

∫ τ

0
re−rs

(
u(πs)− h(αs)

)
ds
]
,

with u a utility function, h a cost function and r a constant interest rate.
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Sannikov’s problem: the Principal’s problem
Given an optimal effort α̂ = α̂(C ) of the Agent, the Principal wants to
solve the optimization problem

VP := sup
C∈C

EPα̂(C)
[
− ξe−rτ +

∫ τ

0
re−rs

(
α̂s(C )− πs

)
ds
]
.

It can be showed (see Sannikov [4], Possamaï & Touzi [3]) that
VP = v(VA), where v is solution of the ODE on R+

min
{
rv(y)− yv ′(y) + F ∗(v ′(y))

+ sup
z∈R
{â(z) + h(â(z))v ′(y) +

1
2
σ2z2v ′′(y)}, v(y)− F (y)

}
= 0,

with v(0) = 0, where

F := −u−11[0,u(∞)) −∞1[u(∞),∞)

and F ∗ is the concave Fenchel-Legendre transform of F .
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Multi-agents case: the output process

Let N ≥ 1,X0 ∈ RN and X = (X 1, . . . ,XN)> be the output process. For
α := (α1, . . . , αN) ∈ AN , we consider the probability Pα such that X
satisfies coordinatewise the dynamics

X k
t = X k

0 +

∫ t

0
αk
s ds + σWα,k

t Pα−a.s. for all k ∈ {1, . . . ,N},

where Wα := (Wα,k)1≤k≤N is a Pα−standard Brownian motion.
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The agents’ problem

Then, introducing

Ak(α−k) := {α ∈ A : α⊗k α
−k ∈ AN} for all k ∈ {1, . . . ,N},

we may state the optimization problem faced by every agent:

V k,N
A (C k ,α−k) :=

sup
α∈Ak (α−k )

EPα⊗kα
−k [

u(ξk)e−rτ
k

+

∫ τk

0
re−rs(u(πks )− h(αs ,α

−k
s ))ds

]
,

with C k := (πk , ξk , τk) the contract proposed by the Principal to the
Agent k , u and h the Agents’ utility and cost functions, r > 0 a constant
interest rate.
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Nash equilibrium
Assumption

For all z ∈MN(R), there exists â := (â1, . . . , âN) ∈ AN such that

âk ∈ argmax
a∈A

{azk,k − h(a, â−k)} for all k ∈ {1, . . . ,N}.

We shall write â = â(z).

Let (Y ,Z ) be a solution to the N−dimensional BSDE

Yτ = U(ξ), dYt = rDiag(It)(Yt + H(â(Z̃t))− U(πt))dt + σZ̃tdW
â(Z)
t ,

with Yτ := (Y 1
τ1 , . . . ,Y

N
τN

), U(x) := {u(xk)}1≤k≤N for all x ∈ RN ,
H(a) := {h(ak , a−k)}1≤k≤N for all a ∈ AN , It := {I k0−1t<τk}1≤k≤N and
Z̃t := {Z kl

t I kt I
l
t }1≤k,l≤N . Then

Y k
0 = V k,N

A (C k , â−k(Z )) for all k ∈ {1, . . . ,N}.
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The Principal’s problem

The Principal faces the problem:

VN
P := sup

C∈CN
EPâ(Z)

[ N∑
k=1

(
− ξke−rτk +

∫ τk

0
re−rs

(
âk(Z̃s)− πks

)
ds
)]
,

with C = {(ξk , πk , τk)}1≤k≤N . Then we may write (see Elie & Possamaï
[2]) VN

P = supY0∈[R,∞)N VN(Y0), with VN(Y0) equal to

sup
(η,Z ,τ )∈Z(Y0)

EPâ(Z)
[ N∑
k=1

(
F (Y k,Y0

τk
)e−rτ

k
+

∫ τk

0
re−rs

(
âk(Z̃s) + F (ηks )

)
ds
)]
,

with ηk := u(πk) for all k and Y Y0 the forward version of the above
BSDE.
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Dynamic programming equation

Denote S+ := R+ × {0, 1} and, for all (y , i ) ∈ SN
+ :

VN(y , i ) := sup
(Z ,η,τ )∈Z(Y0)

EPâ(Z)
[ N∑
k=1

(
F (Y k,Y0

τk
)e−rτ

k

+

∫ τk

0
re−rs(âk(Z̃s) + F (ηks ))ds

)
|(Y0, I0−) = (y , i )

]
.

Then, if VN ∈ C 2(SN
+ ), it satisfies the dynamic programming equation{

min{−L(VN − F̄ )(y , i ),VN(y , i )−maxi ′<i V
N(y , i ′)} = 0,

VN(y , 0) = F̄ (y , 0),
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Dynamic programming equation

where F̄ (y , i ) :=
∑N

k=1 F (yk)(1− ik) and

Lϕ(m) :=
N∑

k=1

[
yk∂ykϕ(y , i )− F ∗(∂ykϕ(y , i ))

]
ik − ϕ(y , i )

+ sup
z∈MN(R)

{ N∑
k=1

[
âk(z) + h(âk(z), â−k(z))∂ykϕ(y , i )

]
ik

+
σ2

2

N∑
k,l=1

zk,lz l ,k ik il∂
2
ykyl

ϕ(y)
}

If h(0, ·) = 0, then the above equation may be reduced to

−L(u − F̄ )(y , i ) = 0, u(y , 0) = F̄ (y , 0),

and therefore the Principal’s problem is a standard control one.
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Mean field approximation

Now the output process X is a R-valued process, and Pα is s.t.

Xt = X0 +

∫ t

0
αsds + σdW α

s , Pα-a.s.

Given a contract C , the problem faced by a typical agent may be written

VA(C ,q) := sup
α∈A

EPα
[
u(ξ)e−rτ +

∫ τ

0
re−rs(u(πs)− h(αs , q̄s))ds

]
,

where q := {qt}t≥0 is a flow of measures on A, and q̄t :=
∫
A xqt(dx).
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Mean field Nash equilibrium

Assumption

For all z ∈ R, ρ ∈ A, there exists â := â(z , ρ) s.t.

â ∈ argmax
a∈A

{az − h(a, ρ)}.

Moreover, we assume that the BSDE

Yτ = u(ξ), dYt = r(Yt + h(â(Z̃t , q̄t), q̄t)− u(πt))Itdt + σZ̃tdW
â(Z ,q)
t ,

has a solution such that EPâ(Z̃ ,q)
[
â(Z̃t , q̄t)

]
= q̄t for all t ≥ 0, with Z̃ = ZI .

In this case, we simply write â(Z̃t , q̂t) = â(Z̃t) and q̂t := EPâ(Z̃ ,q)
[
â(Z̃t)

]
.
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The Principal’s problem: a mean field control-and-stopping
problem

Assuming furthermore the Nash equilibrium is unique, we have

VP = sup
Y0∈[R,∞)

V (Y0),

with (similarly to Elie, Mastrolia & Possamaï [1])

V (Y0) := sup
(Z ,η,τ)∈Z(Y0)

EPâ(Z̃)
[(

F (Y Y0,Z ,η,τ
T )e−rτ+

∫ τ

0
re−rs(â(Z̃s)+F (ηs))ds

)]
,

with Y := Y Y0,Z ,η,τ the forward version of the above BSDE given by

Yt = Y0 + r

∫ t

0
(Ys + h(â(Zs), q̂s)− ηs)Isds + σ

∫ t

0
Z̃sdW

â(Z ,q̂)
s .
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Differentiability on P2(S+)

We say u : P2(S+) −→ R has a functional linear derivative if there exists a
function

δmu : P2(S+)× S+ → R

such that for all m,m′ ∈ P2(S+), it holds:

u(m′)− u(m) =

∫ 1

0

∫
S+

δmu(λm′ + (1− λ)m)(x , i)d(m′ −m)(x , i)dλ.

We introduce δmui (m, x) := δmu(m, x , i) for all (m, x , i) ∈ P2(S+)× S+.
We say that u : [0,T ]× P2(S+) −→ R belongs to C 2(P2(S+)) if u has
functional linear derivative such that δmu1 is C 2 with respect to x and
δmu1, ∂xδmu1 and ∂2

xxδmu1 are continuous in m and x .
We also define

DIu := δmu1 − δmu0.
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Dynamic programming equation
Assume V ∈ C 2(P2(S+)) and Z is a feedback control. Then V satisfies
the equation (similarly to T., Touzi & Zhang [5])

min
m′∈Cu(m)

[−L(u − F̄ )(m′)] = 0, DIu(m, .) ≥ 0, u(m∅) = F (m∅),

where Cu(m) := {m′ � m : u(m′) = u(m)},
F̄ (m) :=

∫
S+ F (y)(1− i)m(dy , di) and

Lϕ(m) :=

∫
S+

[
y∂yδmϕ1(m, y)− F ∗(∂yδmϕ1(m, y))− rϕ(m)

]
i m(dy , di)

+ sup
Z∈L2

∫
S+

[
â(Z (y)) + h(â(Z (y)), q̂(m))∂yδmϕ1(m, y)

+
σ2

2
Z (y)2∂2

yyδmϕ1(m, y)
]
i m(dy , di),

q̂(m) :=

∫
S+

â(Z (y))i m(dy , di).
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Reduction to a mean field control problem

Under the assumption h(0, ·) = 0, V is the unique solution of

− L(u − F̄ ) = 0, u(m∅) = F (m∅).

Then the Principal faces a mean field control problem.
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From the N agents to the mean field problem

Assume that:
• A (the arrival set of the agents’ efforts) is bounded;
• the value function V of the mean field Principal’s problem is in
C 2(P2(S+));
• comparison principle holds for classical super/subsolutions of the
finite-dimensional Principal’s PDE;
then we have

VN(yN , iN) −→
N →∞

mN (yN , iN )
W2−→ m

V (m),

where mN(yN , iN) := 1
N

∑N
k=1 δ(yN

k ,i
N
k ).
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