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Sannikov's problem: the Agent’s problem

Let X be the R-valued output process, A C R and A be the set of
A-valued controls. For a € A, we consider the probability P“ such that

t
Xt:XoJr/ asds + oW P*—a.s.,
0

where W2 is a P®—standard Brownian motion. Given a contract
C := (m,&, 1) by the Principal, the Agent faces the problem

Vj = sup EY” {u(&)efﬁ + /OT re”" (u(ms) — h(Oés))ds}7

acA

with v a utility function, h a cost function and r a constant interest ratg,
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Sannikov's problem: the Principal’s problem

Given an optimal effort & = &(C) of the Agent, the Principal wants to
solve the optimization problem

Vp := sup RPN [ —&e "+ / re”"(as(C) — Ws)ds}.
ceC 0

It can be showed (see Sannikov [4], Possamai & Touzi [3]) that
Vp = v(Va), where v is solution of the ODE on R

min { (y) = /() + F*(v'())
+sup{a(2) + BV (Y) + 50°2V ()} v(y) — F(») } =0,
zeR

with v(0) = 0, where

e —1
F = —=u""1jo,u(c0)) = 001 [u(c0),00)

and F* is the concave Fenchel-Legendre transform of F.
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Multi-agents case: the output process

Let N> 1,X € RV and X = (X1,..., X")T be the output process. For

a:=(al,...,aV) € AN, we consider the probability P* such that X

satisfies coordinatewise the dynamics
t
Xk =Xk +/ okds + oWk Pe—as. forall k e {1,...,N},
0

where W = (Wa’k)lskg,v is a P*—standard Brownian motion.

»
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The agents’ problem

Then, introducing
Ala™™)i={acA:a@ra c AV} forall k € {1,..., N},
we may state the optimization problem faced by every agent:

V:’N(Ck,a_k) =

Tk

X ocik
sup EP" [u(ﬁk)e_"k +/re_rs(u(7r§) — h(as, a;*))ds|,
a€A (k) 0

with Ck := (7%, ¢k, 7%) the contract proposed by the Principal to the
Agent k, u and h the Agents’ utility and cost functions, r > 0 a constant _
interest rate.

»
@ 1ppaRIs

Mehdi Talbi (CMAP) Multi-agents Sannikov's problem June 2022 5/17



Nash equilibrium

Assumption
For all z € My(R), there exists & := (&, ...,4") € AN such that

5K € argmax{az’* — h(a,a=%)} for all k € {1,..., N}.
acA

We shall write a = a(z).

Let (Y, Z) be a solution to the N—dimensional BSDE
Y, = U(€). dY: = rDiag(k)(Y: + H(&(Z,)) — U(mo))dt + 0 ZedW[ ),

with Y = (Y}, ..., YT/\,’\,), U(x) := {u(x*)}1<k<n for all x € RV,
H(a) = {h(ak,a_k)}lgkg/\/ for all a € AN, Il = {/é:lt<,rk}1§k§/\/ and
Zy = {ZF1FI Y 1<k 1<n. Then

Y = ViN(CK a7K(2)) for all k € {1,...,N}.
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The Principal’s problem

The Principal faces the problem:

N

VY = sup EF*? [Z ( — ke 4 /Tk re="(5%(Z;) - wé‘)ds)},
0

CcecN k=1

with C = {(¢%, 7%, 7%)}1<k<n. Then we may write (see Elie & Possamai
[2]) VY = SUP v, ¢[R,00)N VN(Yp), with VN(Yp) equal to

N k

sup E]Pg(z) F(Yk’Yo)e_er +/Tre_rs é\k(Zs) + F(?’]k) ds ,
(1.Z2)eZ(Yo) {;( Tk 0 ( s ) >}

with 7% := u(7¥) for all k and Y Yo the forward version of the above
BSDE.
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Dynamic programming equation

Denote S; := Ry x {0,1} and, for all (y,i) € SV:

N
VN(y,i) = sup EP*? {Z( Yk Y° e 7"
(Z"’LT)EZ(YO) k:]_

¥ /0 (5 (22) + F())ds) (Yo o) = (v.7)].
Then, if VN e CZ(SJ':’), it satisfies the dynamic programming equation

{ min{—L(VN = F)(y,i), VN(y,i) — maxy; VV(y,i’)} =0,
VN(y,0) = F(y,0),
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Dynamic programming equation

where F(y,i) = Zf(vzl F(yx)(1 — ix) and

N
ﬁcp(m) Z[yka}’k (yal) ( Yk(p(y7 ))]ik_(:p(yﬂ')
k=1
N
u 5(2) + h(&"(z2),a " (z Oy, S
temm{kz_,:[ (2) + h(&"(2), 4~ (2))dy0(y. 1)) ik
0'2 N
_|_7 Skl Ik/kllazky,QO( )}
k=1

)

If h(0,-) =0, then the above equation may be reduced to

—L’(u—I:_)(y,i):O, U(y,O)::E(y,O)’

and therefore the Principal’s problem is a standard control one.
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Mean field approximation

Now the output process X is a R-valued process, and P? is s.t.
t
Xe = Xo +/ asds + odWS, P*-a.s.
0
Given a contract C, the problem faced by a typical agent may be written

Va(C.a) = sup B [u(€)e + [ re(ulms) — hlos, 3]

where g := {q;}+>0 is a flow of measures on A, and g; := [, xq:(dx).

b
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Mean field Nash equilibrium

Assumption
For all z € R, p € A, there exists 3 := 4(z,p) s.t.
4 € argmax{az — h(a, p)}.
acA

Moreover, we assume that the BSDE
YT = U(f), dyt = r( Yt + h(é\(ztv at)’ at) - U(Ft))ltdt -+ C)’Zt»a'Wtﬁ(Z’q)7

has a solution such that EF** [Q(Z, Elt)} — G; forallt >0, with Z = ZI.

In this case, we simply write (2, 6:) = 4(2;) and G, := EF* [3(2)} .

uuuuuuuuuuuuu
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The Principal’s problem: a mean field control-and-stopping
problem

Assuming furthermore the Nash equilibrium is unique, we have

Vp = sup V(Y0)7
Yo€[R,0)

with (similarly to Elie, Mastrolia & Possamai [1])

V(Ye) = sup  EFV[(F(y o T)e Ty / e~ (8(Z,)+F(ns))ds ) |,
(Zm,m)eZ(Y0) 0

with Y := YY0.Zn7 the forward version of the above BSDE given by

t t X X
Yi= Yo+ f/ (Ys + h(4(Zs), §s) — ns)lsds + a/ Z.dwiZa).,
0 0
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Differentiability on P»(S.)

We say u : P>(S4+) — R has a functional linear derivative if there exists a
function
Omu:Pa(S4) xSy =R

such that for all m, m’ € P»(S), it holds:
1
u(m') —u(m) = / Smu(Am’ 4+ (1 = \)m)(x, i)d(m’ — m)(x, i)d\.
0 JS,

We introduce dpui(m, x) := dpmu(m, x, i) for all (m,x,i) € P2(S4) x S;.
We say that u: [0, T] x P2(S+) — R belongs to C?(Px(S.)) if u has
functional linear derivative such that §,,u; is C? with respect to x and
Smu1, OxOmuy and 02 d,uy are continuous in m and x.
We also define

Dju:=6mur — Omup.
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Dynamic programming equation
Assume V € C2(P»(S;)) and Z is a feedback control. Then V satisfies
the equation (similarly to T., Touzi & Zhang [5])

min [—L(u— F)(m)] = u(m,. u(m®) = F(m?
min [=Lu=F)(m)] = 0, Dru(m..) > 0. u(m") = F(rf),

where Cu(m) = {m =<m:u(m)=u(m)},
— Jo, F)(1 — i)m(dy.di) and

Lo(m) := /S Y0y Smpr(m.y) — F*(3,5mpr(m,y)) — rio(m)]i m(dy. di)
+sup [ [8(20)+ BEZ0)), 6 mr(m.y)
Zell2 Sy
0.2
+ 729202 dmpr(m. )| i m(dy.

§(m) = /s 5(Z(y))i m(dy, di).
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Reduction to a mean field control problem

Under the assumption h(0,-) = 0, V is the unique solution of
— L(u—F) =0, u(m®) = F(m").

Then the Principal faces a mean field control problem.
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From the N agents to the mean field problem

Assume that:

e A (the arrival set of the agents’ efforts) is bounded;

e the value function V of the mean field Principal’'s problem is in
C*(P2(S+));

e comparison principle holds for classical super/subsolutions of the
finite-dimensional Principal’s PDE;

then we have

VN(vaiN) N?))c V(m)v
oM, iy 23
where mN(yN,iV) := & 2115 imy-
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