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Stochastic Control Problem with Linear Dynamics

Let θ⋆ = (A⋆,B⋆) ∈ Rd×d × Rp×d and consider the control problem

J(α; θ⋆) = E
[∫ T

0
f (t,X θ⋆,α

t , αt) dt + g(X θ⋆,α
T )

]
,

where

dX θ⋆,α
t = (A⋆X θ⋆,α

t + B⋆αt) dt + dWt , X θ⋆,α
0 = x0.

[Guo, Hu and Zhang, 2021] There exists ϕθ⋆ : [0,T ]× Rd → Rp such that

α⋆
t := ϕθ⋆(t,X θ⋆,α⋆

t ) = argmin
α∈H2

F(Ω;Rp)

J(α; θ⋆).

We do not know θ⋆ and thus cannot find ϕθ⋆ .
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Episodic Learning problem

Let φm : Ω× [0,T ]× Rd → Rp be a sequence of random (feedback) function
that the agent executes for each episode.

At the end of the m-th episode, the agent observes (Xm
t )t∈[0,T ];

dXm
t = (A⋆Xm

t + B⋆φm(·, t,Xm
t ))dt + dWm

t , Xm
0 = x0

and experience the (expected) cost

J(φm; θ
⋆) := EWm

[∫ T

0

f (t,Xm
t , φm(·, t,Xm

t ))dt + g(Xm
T )

]
.

Design φm+1 from the previous observations, (X n)mn=1.

The agent objective is to minimise

Reg(N) =
N∑

m=1

(
J(φm; θ

⋆)− J(ϕθ⋆ ; θ⋆)
)
.
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Statistical Estimate from Bayesian inference

Suppose that before the m-th episode, the posterior of θ⋆ is N(θ̂m−1,Vm−1).
At the m-th episode, the agent observes (Xm

t ) satisfying

dXm
t = θ⋆Zm

t dt + dWm
t , Xm

0 = x0, with Zm
t =

(
Xm
t

φm(·, t,Xm
t )

)
.

Let consider a discretisation (∆Xm
t1 ,∆Xm

t2 , ...,∆Xm
tK ) where

∆Xm
tk = θ⋆Zm

tk ∆t +∆Wtk ∼ N
(
θ⋆Zm

tk ∆t,∆t
)

Therefore,

π
(
θ⋆
∣∣Fm−1, (∆Xm

tk )
K
k=1, (Z

m
tk )

K
k=1

)
∝ exp

(
−1

2
(θ⋆ − θ̂m−1)V

−1
m−1(θ

⋆ − θ̂m−1)
⊤
) K∏

k=1

exp

(
− 1

2∆t
(∆Xm

tk − θ⋆Zm
tk ∆t)2

)

∝ exp

(
−1

2
θ⋆
(
V−1

m−1 +
K∑

k=1

Zm
tk (Z

m
tk )

⊤∆t

)
θ⋆

⊤
+ θ⋆

(
V−1

m−1θ̂
⊤
m−1 +

K∑
k=1

Zm
tk ∆Xm

tk

))
.
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Statistical Estimate from Bayesian inference

In particular, if we send ∆t → 0, the posterior is

π
(
θ⋆
∣∣Fm−1, (X

m
t )t∈[0,T ], (Z

m
t )t∈[0,T ]

)
∝ exp

(
−1

2
θ⋆
(
V−1

m−1 +

∫ T

0

Zm
t (Zm

t )⊤dt

)
θ⋆

⊤
+ θ⋆

(
V−1

m−1θ̂
⊤
m−1 +

∫ T

0

Zm
t dXm

t

))
.

In particular, the posterior of θ⋆ after the m-th episode is N(θ̂m,Vm) where

V−1
m = V−1

0 +
m∑

n=1

∫ T

0

Z n
t (Z

n
t )

⊤dt, and θ̂m =

(
θ̂0V

−1
0 +

m∑
n=1

∫ T

0

Z n
t dX

n
t

)
Vm.

In comparison to the classical statistics theory, one may see

θ̂m as a (regularised) maximum likelihood estimator.

V−1
m as a (regularised) Fisher Information.
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Sub-optimality of the Greedy policy

Consider the case when θ = (B1,B2) and

J(α; θ) = E

[∫ T

0

(α2
1,t + α2

2,t)dt + (X θ,α
T )2

]
,

where
dX θ,α

t = (B1α1,t + B2α2,t)dt + dWt , X θ,α
0 = x0.

The optimal policy is

ϕθ(t, x) = −
(
1 + (B2

1 + B2
2 )(T − t)

)−1
(
B1x
B2x

)
.

θ̂m = (B̂1,m, 0) ⇒ ϕθ̂m(t, x) =

(
Km
t

0

)
x ⇒ θ̂m+1 = (B̂1,m+1, 0)

Decisions are always sub-optimal provided that B⋆
2 ̸= 0.
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Sensitivity in Parameter Estimate

Performance Gap

Let θ = (A,B) and J(ϕ; θ) := E
[∫ T

0
f (t,X θ,ϕ

t , ϕ(t,X θ,ϕ
t ))dt + g(X θ,ϕ

T )
]
,

where
dX θ,ϕ

t = (AX θ,ϕ
t + Bϕ(t,Xt))dt + dWt , X θ⋆,ϕ

0 = x0.

Define ϕθ := argminϕ J(ϕ; θ). Then for a strong convex cost f and g ,

J(ϕθ; θ⋆)− J(ϕθ⋆

; θ⋆) ≲ ∥θ − θ⋆∥.

[Guo, Hu and Zhang, 2021]

If f and g satisfies additional smoothness condition, then

J(ϕθ; θ⋆)− J(ϕθ⋆

; θ⋆) ≲ ∥θ − θ⋆∥2.

[Szpruch, Treetanthiploet and Zhang, 2021]
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From Estimation Error to Learning

Recall that the posterior of θ⋆ after the m-th episode is N(θ̂m,Vm) with

V−1
m = V−1

0 +
m∑

n=1

∫ T

0

Z n
t (Z

n
t )

⊤dt

θ̂m =

(
θ̂0V

−1
0 +

m∑
n=1

∫ T

0

Z n
t dX

n
t

)
Vm

; Z n
t =

(
X n
t

φn(·, t,X n
t )

)
.

Therefore,

∥θ̂m − θ⋆∥2 ≲ ∥Vm∥ ≈

(
Λmin

(
m∑

n=1

∫ T

0

Z n
t (Z

n
t )

⊤dt

))−1

.

Phase Exploration: Dedicating some episodes for exploration.

Noisy Exploration: Taking optimal policies with noise for exploration.
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Phase Exploration

Let {a1, a2, ..., ap} ⊆ Rp be linearly independent and

ϕe(t, x) := ak ; t ∈
[
(k − 1)

(
T
p

)
, k
(
T
p

))
.

Since a1a
⊤
1 + a2a

⊤
2 + · · ·+ apa

⊤
p is a strictly positive definite matrix,

Λmin

∫ T

0

(
X θ⋆,ϕe

t

ϕe(t,X θ⋆,ϕe

t )

)(
X θ⋆,ϕe

t

ϕe(t,X θ⋆,ϕe

t )

)⊤

dt

 ≳ 1.

Phase Exploration Greedy Exploitation (PEGE)

1: for k = 1, 2, ... do
2: Execute the feedback policy ϕe .
3: for l = 1, 2, ...,m(k) do

4: Execute the feedback policy ϕθ̂m .
5: end for
6: end for

 k-th cycle
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Exploration–Exploitation trade-off (Phase-based)

Let κ(m) be the cycle corresponding to the m-th episode.

Since Λmin

(∑m
n=1

∫ T

0
Z n
t (Z

n
t )

⊤dt
)
≳ κ(m),

∥θ̂m − θ⋆∥2 ≲

(
Λmin

(
m∑

n=1

∫ T

0

Z n
t (Z

n
t )

⊤dt

))−1

≲ κ(m)−1.

Suppose that J(ϕθ; θ⋆)− J(ϕθ⋆ ; θ⋆) ≲ ∥θ − θ⋆∥2r . Then

Reg(N) =
N∑

m=1

(
J(φm; θ

⋆)− J(ϕθ⋆ ; θ⋆)
)

≤
N∑

m=1|φm=ϕe

(
J(ϕe ; θ⋆)− J(ϕθ⋆ ; θ⋆)

)
+

N∑
m=1|φm ̸=ϕe

(
J(ϕθ̂m ; θ⋆)− J(ϕθ⋆ ; θ⋆)

)

≲ κ(N) +
N∑

m=1

∥θ̂m − θ⋆∥2r ≲ κ(N) +
N∑

m=1

κ(m)−r ⇒ κ∗(m) ∼ m
1

1+r ,

with Reg(N) ≈ O(N
1

1+r ). Using m ≈
∑κ(m)

k=1 m(k), we obtain m∗(k) ∼ k r .
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Regret of the PEGE algorithm

Regret of the PEGE algorithm

Suppose that J(ϕθ; θ⋆)− J(ϕθ⋆ ; θ⋆) ≲ ∥θ − θ⋆∥2r . Then for the PEGE
algorithm with m(k) = ⌊k r⌋, ∀k ∈ N, there exists a constant C ≥ 0 such
that for all δ ∈ (0, 1), the regret satisfies with probability at least 1− δ,

Reg(N) ≤ C
(
N

1
1+r
(
(lnN)r +

(
ln(1δ )

)r)
+
(
ln(1δ )

)1+r
)
, ∀N ≥ 2

Consequently,

E[Reg(N)] ≤ CN
1

1+r (lnN)r , ∀N ≥ 2.

When r = 1, Reg(N) = Õ(
√
N).
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Noisy Exploration and LQ-Regularised Control

Let consider the optimal solution of the LQ-Regularised control;

J(ν; θ) = E

[∫ T

0

(∫
f (t, X̃ θ,ν

t , a)νt(da) + ϱH(νt)

)
dt + g(X̃ θ⋆,ν

T )

]
,

when f and g are quadratic, H(ν) :=
∫
ln
(

dν
dµLeb

)
dν and

dX̃ θ,ν
t =

∫
(AX̃ θ,ν

t + Ba)νt(da)dt + dWt , X̃ θ,ν
0 = x0.

The optimal feedback measure is νθ(t, x) = N(ϕθ(t, x), λ2) for some λ > 0.

Learning with Regularised Control

1: for m = 1, 2, ... do
2: Solve a regularised control problem with θ̂m and hyper-parameter ϱm to obtain νm.
3: Execute νm through a random execution φm.
4: Use an observed process Xm = X θ,φm .
5: end for
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3: Execute νm through a random execution φm.
4: Use an observed process Xm = X θ,φm .
5: end for
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Exploration–Exploitation trade-off (Noisy Exploration)

Let ξm(t) =
∑K

i=1 ζi,m1t∈[(i−1)h,ih) where ζi,m ∼IID N(0, 1) and consider a policy

φm(t, x) = ϕθ̂m(t, x) + λmξm(t).

∥θ̂m − θ⋆∥2 ≲

(
Λmin

(
m∑

n=1

∫ T

0

Z n
t (Z

n
t )

⊤dt

))−1

≲

(
m∑

n=1

λ2
n

)−1

.

We can now quantify the regret when J(ϕθ; θ⋆)− J(ϕθ⋆ ; θ⋆) ≲ ∥θ − θ⋆∥2 by

Reg(N) =
N∑

m=1

(
J(φm; θ

⋆)− J(ϕθ⋆ ; θ⋆)
)

=
N∑

m=1

(
J(φm; θ

⋆)− J(ϕθ̂m ; θ⋆)
)
+

N∑
m=1

(
J(ϕθ̂m ; θ⋆)− J(ϕθ⋆ ; θ⋆)

)

≲
N∑

m=1

λ2
m +

N∑
m=1

(
m∑

n=1

λ2
n

)−1

⇒ λ2
m ∼ m−1/2 with Reg(N) ≈ O(

√
N).
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Regret of the Regularised Control Algorithm

Regret of the Regularised Control Algorithm

Suppose that f and g are quadratic. Then by choosing an appropriate
(ϱm)m∈N and execution increment, there exists a constant C ≥ 0 such that
for all δ ∈ (0, 1), the regret for learning with regularised control satisfies
with probability at least 1− δ,

Reg(N) ≤ C
√
NPoly

(
lnN, ln

(
1
δ

))
.

and E[Reg(N)] ≤ C
√
NPoly(lnN).

NB. This result also holds for a different regularised control problem where the
divergence between episodes is penalised to the Hamiltonian to ensure that our policy
does not change too much between episodes.
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