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The Law of Large Numbers

Basic notions

Sublinear Expectations

o (U, H,E) 'ls called a sublinear expectation space if E : % — R satisfies
1

e For X € H, Nx : Cp1ip(R) — R defined below is called the distribution of X:
ef &~
Nx[9] Z E[$(X)]-

e We say Y is independent of X if

Elp(X, Y] = E[E[p(x, Y)]lx=x]-
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The Law of Large Numbers

Some preliminaries

The Law of Large Numbers under Sublinear Expectations

Theorem 1 (Peng (2007))

Let (&k)k>1 be a sequence of i.i.d random variables under a sublinear
expectation B with the assumption E[|&1|*] < oo for some B > 0. Set
£ = abdén +5" , b= —E[-&], & = E[&]. Then we have

limE[¢(¢,)] = sup_o(y), M

yElp.al

for any ¢ € Cp1ip(R), the collection of bounded and Lipschitz continuous
functions on R.

This is called the (weak) law of large numbers under sublinear expectations
(WLLN™).
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The Law of Large Numbers

Some preliminaries

Convergence Rate of wLLN*

S. (2021) gives a convergence rate of wLLN* by Stein’s method under sublinear

expectations.
Theorem 2
U1 Under the same conditions with Theorem 1, we have
— __B_
sup (E[p(£,)] — sup ¢(y)| < Cn 77, (2)
[olLip<1 yE[p,n]

where C is a constant depending only on E[|&1)*"7].

MHu, Li, Li (2021) gives a different proof.
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The Law of Large Numbers

Some preliminaries

Some Remarks on wLLN*

Let E[] = suppco Ep[]-
o 7 ¢ such that E[|¢, — £]] — 0.
Otherwise, ¢ is independent of £1,--- ,&n, n € N, and § is maximally distributed.
Then E[maxye[ﬁ’m 1€, —yl] > %(H— ).
e Forany P €O, p< liminf,_ o En <limsup,_, . En <n P-as.
Chen (2016), Chen et al (2019)

e The collection of the cluster points of empirical averages £, coincides with
the interval [, ). (not always true)
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The Law of Large Numbers

Some preliminaries

A Counterexample

Example 3 (Terdn (2018))

Let Q = N, the set of positive integers. For w € Q, define

E(w) == (&(w), &2(w), -+ ) € {0, 1} satisfying w = X212 1¢,(w).

Let © = (3., | w € ) and set B[o(ér, - +&m)] = sup Enlo(Er, &)
€

Then (&) is a sequence of i.i.d random variables under E with E[¢] =1,
—E[-&] = 0. But for each w,

@)+t Ew)
n

since &n(w) = 0 except finite n.
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The Law of Large Numbers

Main results

Main Results

Let Q be a Polish space. For © C M;1(€Q2) which is weakly compact, the
associated sublinear expectation is defined by

E[¢] = sup Ep[¢], € € Go(9).

Theorem 4
Let {&} C LE";(Q), B > 0, be a sequence of independent and identically
distributed random variables under E. Set p = —E[-&], i = E[&] and

&, = St Then, for any p € [, i), there exists P, € © such that,

&, = 1, Pu-as.

as n goes to +oo.
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The Law of Large Numbers

Main results

Main Results

Let Q = R" endowed with the metric d(x, y) := £2; &(|x(k) — y(k)| A 1), for
x,y € Q. For n € N, set &(w) = w(n), w € Q. Assume that (&,) is Lid under a
regular sublinear expectation E = supp.o Ep with © weakly compact.

Theorem 5

Assume © is convex. For any Fq-measurable random variable I with values in
[1,7)] and d € N, and any P € ©, there exists a probability P" € © such that

P" = P on Fy4, and
lim £, =1, P"-as. (3)

n—o00

Furthermore, if Py 4 € ext Z4, P" can also be chosen from ext ©. Here
Pl,d = P (e} (fl; e ,fd)_l Uﬂd Ed = {Pl,d | P S @}
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The Law of Large Numbers

Main results

Main Results
Corollary 6
Let © be a weakly compact subset of M1(Q2) such that
E[X] = sup Ep[X] for X € Cp(Q2).
POy
Then, for any Fq-measurable random variable T with values in [p, 1] and
d € N, there exists a probability P" € ©q such that
lim & =0, P"-as.

n— oo

Proof.
Since © represents E, it follows from Hahn-Banach theorem that to(©¢) = ©.
By Krein-Milman Theorem, we have ext © C ©q. For any p € ext =4, it follows
from Theorem 5 that there exists P € ext © C ©q such that P, = p and

lim & =T, P'-as.

n— oo
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The Law of Large Numbers

Main results

Triviality of Tail o-algebra

e As is known, the tail o-algebra of an i.i.d sequence of random variables is
trivial.

e The last result shows that it is generally not true under a probability

P € ext © for the nonlinear case.

e But, we have the following result.

Let 6, be the n-shift on Q = R". A probability P on Q is called stationary if
P = Po6,! for some n € N. We denote ©° the subset of ext ©, the
probabilities in which is stationary.

Theorem 7
1) Forany P € ©° and A€ T, we have

either P(A) =0, or P(A) =1,

2) Forany P € ©°, lim, &, exists and equals to some constant mp; Moreover,
{mp}pcos is dense in [ﬁ, ﬁ].

3) ©° is a set that represents E:

sup Ep[X] =E[X], for X € Co(Q).
Pee*
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The Law of Large Numbers

Lprcnfs the main results

Proof to Theorem 4

Case 1. u=p, p

For any n € N, there exists Py, € © such that
Ep ,[61+ -+ &) = E[& + - - + &3] = nfz, which implies that

EPﬁ,n[gk] =n, k<n,

noting that Ep_ [&k] < T

,n

Since © is weakly compact, there is Py € © such that for any n € N,

EPﬁ[gn] - kll[zo EPﬁ,nk [6"] = E[Z]

PDPs € ©; Qe [¢4] = .
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The Law of Large Numbers
L Proofs the main results

Proof to Theorem 4

Note that
PulE,~F>el < LEnE - M) < EIE, - AL
Polt, ~Fi<—e < 1Eed(E - ) ]=2ExIE, 7] < ZEIE, - 7))

Therefore, we have
- 2
Pallé, — Al > e] < ZE[(€, — )],

which converges to 0 as n goes to infinity by Peng's wLLN*.
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The Law of Large Numbers

Lprcnfs the main results

Proof to Theorem 4

Case 2. p € (p, 1)

Set
no ifp> R
rk1(p) ={ . B2
14 if p< “2ﬁ.
p" = (k1(p) + -+ wa(p))/n,
_ o dpzp
=zl
Then

|u" — ul = O(1/n).
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The Law of Large Numbers

Lprcufs the main results

Proof to Theorem 4

We can find P, € © such that Ep, [£,] = Ka(1). Bl Then, we have

Pullé, - Mn| > €]

kn l + i — I
= Rl TS g b8 g
Zi +(n)Si i
< pTEOS u|>s]+P[|%)€fg\>sl
2 Yien, (n)i Yien_(néi _
< EE[(T w1+ E[(T_H) ],

which converges to 0 as n goes to infinity by Peng's wLLN".

By the convergence rate of wLLN* given in S. (2021), we can prove the a.s.
convergence.

FID P, € ©; Q Ep, [€4] = rinl1)
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The Law of Large Numbers
L Proofs the main results

Proof to Theorem 5

Lemma 8
Under the same conditions as those in Theorem 4, we can find a Borel mapping
Py : [u, ] = © such that Ep, [§n] = kn(p).

Sketch of the proof to Theorem 5.
STEP 1. For any ¢ € Cp1ip(R"), n €N, set

EP"I [¢(£17 e 75")] = EP [EPw(xl,m Xd) [¢(X17 cry Xd, 51, e 7£n*d)]|j(1::1,§’ ,d] .

Clearly, P" € ©, P" = P on F4 , and
P (&nralFa)(w) = Prw)(€n) = ka(M(w)) P-as.
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The Law of Large Numbers
L Proofs the main results

Proof to Theorem 5

STEP 2. We denote by ©f the set of probabilities satisfying P" € ©, P = P
on Fq, and P (&qra|Fa)(w) = kn(M(w)) P-as.

For any P"c of,
B(lim &, =n)
n—oo

= Ep[P"(lim & = N|Fy)]

/Q’Sn(n'il‘lo & = Nw))(w)P(dw) = 1.
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The Law of Large Numbers
L Proofs the main results

Proof to Theorem 5

(:)E: the set of probabilities satisfying P € ©, P" = P on Fy , and
PV (&nid| Fa)(w) = ka(M(w)) P-as.

STEP 3. ©F is a nonempty convex closed subset of ©.

By Krein-Milman Theorem, ext @} is nonempty.
STEP 4. ext ©F C ext © .
The proof is completed: IP™ € ext © such that

P(lim &, =N)=1.
n— oo
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The Law of Large Numbers
L Proofs the main results

THANK YOU.
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