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Probabilistic set-up

(9%, F° P°) and (Q',F', P*) are complete probability spaces equipped with the
filtrations F° := (F?)¢>0 and F* := (F})s>o, satisfying usual conditions.
@ Wiener processes W° and W are defined on (Q°, 7%, P°) and (Q', 7', P').

@ Define a product space (2, F, P), where Q = Q% x Q!, (F, P) is the completion
of (FP®@F,P°®P') and F := (Fi)e>o is the complete and right-continuous

augmentation of (]:? ® ‘7:1:1)90-

@ For X:Q — R4, LX) : Q° 3w’ L(X(w°-)) is a well-defined random variable
from (Q°, F°, P°) into P>(RY) (P%-a.s.) and is seen as a conditional law of X given
F° (Lemma 2.4 in Carmona and Delarue (2018b)).

@ If the F-adapted unique solution (X;)o<:<7 of (1) has continuous paths and has
uniformly bounded second moment, then one can find a version of £'(X;), for every
t >0, such that (£'(X:)),., has continuous paths and is F°-adapted (Lemma 2.5
in Carmona and Delarue (2018b)).

@ Xp of (1) is assumed to be defined on (Ql, Fe, Pl), which means that only W° plays
the role of the common noise. In light of Proposition 2.9 in Carmona and Delarue
(2018b), L(X;) is a version of the conditional law of X; given W°. For alternative
choices of the initial data, we refer to Remark 2.10 in Carmona and Delarue (2018b).
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Probabilistic set-up

@ P,(R?): space of probability measures 1 on (R?, B(R?)) with [, |x|?u(dx) <
oo and a £2-Wasserstein metric given by

Wa(pa, p2) := _inf /Rd/ x — y[*m(dx, dy)) v

mEM(p1,101)

b:[0,T] x RY x Po(RY) — RY, o : [0, T] x R x P,(RY) — R¥*™ and
0% : [0, T] x R? x Po(R9Y) — RY*™ are measurable functions

Consider McKean—Vlasov SDE,
Xe = Xo +/Ot s (Xs, L1(X. ))ds+/0tas(Xs,El(Xs))dWs
+ /Ot (X, LX) dW2. (1)
almost surely for any t € [0, T].
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Well-posedness and Moment Bound

Assumption 1 (Moment of Initial Value)

E|Xo|P < oo for a fixed constant py > 2.

Assumption 2 (Coercivity)
There exists a constant L >0s. t. Yt € [0, T], x € R? and u € P,(RY)

2xbe(x, 1) + (po — 1)|oe(x, )| + (po — 1)]o2(x, )|
<L{(1+ |><|)2 + W3 (1, 00) }-

Assumption 3 (Monotonicity)

There exists a constant L > 0's. t. V t € [0, T], x,x € RY and p, i € P2(RY),
- o Y
2(x — %) (be(x, 1) — be(%, 1)) + |oe(x, 1) — 0e(%, B[ + |02(x, 1) — 0%(%, )|
< L{bx — & + WE(u, )}

v
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Well-posedness and Moment Bound

Assumption 4 (Continuity)

For every t € [0, T] and p1 € P>(RY), b(x, 1) is a continuous function of x € R?.

v

Theorem 1 (Existence, Uniqueness and Moment Bound)

Let Assumptions 1, 2, 3 and 4 be satisfied. Then, there exists a unique strong
solution of (1) and the following holds,

sup E|X;|™ < K,
0<t<T

where K := K(L, E|Xo|™, d, m, mg) > 0 is a constant. Moreover,

E sup |Xt|q§ Ka
0<t<T

for any g < po.
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Propagation of Chaos

@ System of conditional non-interacting particles:
t t
x;':x(;'+/ bs(x;,cl(x;’))ds+/ os (XL, LH(XD))dW!
0 0

t
+/ od(X{, LY(XD))dW?. (a. s.) (2)
0
PO[cl(x;‘) — £Y(X2) for all t € [0, T]] ~1.
(Proposition 2.11 in Carmona and Delarue (2018b))

@ System of interacting particles:

. . t . t . .
X,_!’N:Xé—i—/ bs(x;v’V,ufv’V)der/ oo (XPN, uN) dW]
0 0
t
b [ o2 My au. . ) 3)
0
1 N
XNy .
e () =g D ()
i=1
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Propagation of chaos

Proposition 1 (Propagation of chaos)

Let Assumptions 1, 2, 3 and 4 be satisfied with py > 4. Then,

N2, ifd < 4,
sup  sup E|X{ - XM|P < K{ NV2In(N), ifd =4,
i€{1,...,N} t€[0,T] N72/d ifd>4

where the constant K > 0 does not depend on N.

C. Kumar (lIT Roorkee) Milstein-type scheme July 1, 2022

7/28



Tamed Milstein-type scheme

Assumption 5
For some p; > 2, there exists a constant L > 0 such that

_ _ o __\2
2(x = x) (be(x, ) =be(X, 1)) + (pr — 1) |oe(x, 1) — 0e (X, 1)

_ 2 _ _
4 (pr = D)|o%c, 1) — %% ) * < L Jx — %12+ W 7)),
for all t € [0, T], x,x € RY and p, i € Po(RY).

Assumption 6

There exist constants L > 0 and p > 0 such that

|be(x, 1) = be (%, )| < L{(L+ [x] + [%1)”/%[x = %] + Wa(u, 1) }
for all t € [0, T], x,%x € R? and yu, i € P»(RY).
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Tamed Milstein-type scheme

Remark 1

Due to Assumptions 5 and 6, there exists a constant K := K(L) > 0 such that

joe(x; 1) = oe(%, )] + |0 (x, 1) = o2 (%, 1) < K{(1+ |x| + |x])*/*|x = X]
= WZ(M? p’)}a

for all t € [0, T, x,x € RY and p, i € Po(RY).
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Tamed Milstein-type scheme
Assumption 7

There exists a constant L > 0 such that
|be(x, 1) = bs(x, )| + |oe(x, 1) — o5 (x, )| + |02 (x, 1) — 02 (x, )| < L]t — s,

for all t,s € [0, T], x € R? and p € Po(RY).

Assumption 8
There exists a constant L > 0 such that, for every j € {1,...m} and j €
{1,...m°}
|9be(x, 11) — Dube(%, )] < L{(1 + |x| + [%)”/* 7 x = %| + Wa (1, )},
|0x0 9 (x, 1) — B (%, 1) < LL(1+ x|+ 1) T x = %] + Wi (1, 7) },
0.0 (x, 1) = 00V (%, B)| < L{(1+ [x] + [R1)™* 7 |x = %] + W (1, ) },

for all t € [0, T], x,x € RY and p, i € P»(R?).

v
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Tamed Milstein scheme

Assumption 9

There exists a constant L > 0 such that, for every k € {1

, ,o.db jed{l,...
andj' € {1,...m°} ,

10,68 (x, 1 y) — 0,6 (%, 1, 7)] < L{(1+ |x| + |%])”*|x — %]
+Wa(u, 1) + ly — 71},

x,uy) 8ot (X,uy|<L{(1-|—|X|+|X|)p/ |x — x|
+Wﬂm A +ly -1},

18,024 (x, 1, y) — 800

|(9 Ut’

“I(%, 5, 7) < L{(L+ x| + %) x — %[
+Wa(p, 1) + |y = 7|},
for all t € [0, T], x,%,y,y € R? and p, i € P>(RY).
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Tamed Milstein-type scheme

Partition [0, T] into n sub-intervals of size h := T /n and define k,(t) := [ nt|/n for
any t € [0, T] and n € N. Further, for every t € [0, T], x € R? and p € P»(RY),

be (x, 1) e (x, p) 0,n ot (x 1)
b () = T )= T ) =

Remark 2

Using above equation, one obtains,

167 (x, )| < K min {12 (1 + x|+ Wa(n,60)) b (x, 1)

07 ()| < K min { /% (L4 x| + Wal,80)) s lore (x, )]},

02" (x, )| < K min {0/ (1 + x| + Wa(u, &) 0% (x, 1)
00t 6, 1)l f (x, )]

< K min {n2 (1 + [x] + Wa(p1,80)) s 19t (x, ) llore(x 1)

V.
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Tamed Milstein-type scheme

Remark 2 continued . ..

10508 (x, 1) |0 (x, 1)

< Kmin {n'/2 (1 + x| + Wa(p1,80)) , 1905 (x, ] [02(x, )] },
10,08 (s 1, y) 02 (%, 1)

< Kmin {n'/* (1+ x| + Wa(11,80)) 19,08 (x, 1, ) e, )]},
18,0 (¢, 11, lo?" (x, )|

< Kmin {n'/* (1+ x| + Wa(p1,80)) , 19,08 (x, 1, ) lo0x, 1)
10500 (x, )l (x, )]

< Kmin {m/2 (1+ x| + Wa(z,80)) , 10502 ) (x, ) loreCox, )
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Tamed Milstein-type scheme

Remark 2 continued . ..

10500 (x, )| |02 (x, )|

< Kmin {n'/2 (1+ [x] + Wa(p1, 80)) . 19,02 (x, 1) o2 x, 1)
10,0 (x, 1, y) o2 (x, 1)

< Kmin {0/ (14 x| + Wa(12,80)) 11002 0, . ), )
10,0 (x, . y) 02" (x, )]

< K min {4 (1 + x| + Wa(i,80)) , 10,020 1, ) 102, )]},

for all t € [0, T], x € R and p1 € P»(R?) and for some constant K > 0
independent of n.
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Tamed Milstein-type scheme

We propose the following tamed Milstein-type scheme,
t
i,N,n IN" X,N,n ~ i,N,n X,N,n i
XPNT = X5+ /bn(s) ron(s) e ())d5+/0‘7 5) (5 X000y ())dW
~0,n i,N,n XNn 0
+/0 am()( Xy e )dW (4)

almost surely for any t € [0, T], i € {1,..., N} and n, N € N. The coefficients 5"
and %" are defined below. For any s € [0, T], i € {1,...,N} and n,N € N,

Gre) (5 X0ay (s} ) 1= ey (XD () + Tty (- X006 ngy) - (5)

where [™7 is further expressed as a sum of four matrices, i.e.,

rn(r

( XINn XNn). Anaa
n(s)

o(s) Prea(s) o(s)

+AT

(. X0 1)) + /\Zﬁ:) (. X0y 1))

i\N,n  X,N,n _n,ao' i\N,n  X,N,n
(s, X a(s)” lu’n,,(s)) Nots )( X(9)? 'u’n,,(s))
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Tamed Milstein-type scheme
A7, /\"""’0, A™97 and A9 are d x m-matrices given below,
n,oo,(u,v) N, X,N,
At (s X0 )
S
_ (u,v) i\N,n  X,N,n n i\N,n  X,N,n i
= 00, 10 (X0 i) )L(s) 1,0 (K o)) AW,

An,aao,(u,v) (S,X n X,N,n)

Fin(S) o(s)* Hra(s)
(u,v) i\N,n  X,N;n y 0,n i\N,n  X,N,n 0
= Oxo Kn(s) (Xn,,(s)’y’n,,(s) ) /H ) Umn(r) (Xm,,(r) H, (r) )dW

/\Z cE;r), u, v)( Xl N n Mf;(,\;’)n)

s
(u,v) iN, X,N, N, i,N, X,N,
N Zau T kenl(s) Xﬁn(sgwu a(s )n XJ o(s ;)/ ( )Ugn(s) (iji,,(r; m,,(r)n)dWJ
Kn(s

~ ,o’ao,(u,v) iN, X,N,
Note) (5 Xy Ho(s) )

S
(uv INI‘I X,N,n ~/j,N,n 0,n j,N,n  X,N,n 0
Nza" i) Kan(a) () Xon(s)) L " O ) Ky sty ) AWV
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Tamed Milstein-type scheme
Foranyse€[0,T], ie{1,...,N}and n,N € N,

~0,n iN,n X,N,n\ . O,n i,N,n XNn i,N,n XNn
T ken(s) (S’Xnn(s) Foien(s) ) =0 fon(s )(XH (s) 7 Fc,(s) ) + rn,,(s) (s, X @) e (s) ) (6)
where ™" is further expressed as a sum of four matrices, i.e.,
n,ao iN,n  X,N,n\ . naa i\N,n X ,N;n n,aa i\N,n X,N;n
Fren) (5 Xest9) Hoste) ) = M) (5 X Hists) ) + Nty (5 X500 Kt )

+ AL (5 XN ) A RS (s XN 1o )

0 0 0 .
Amoe Amo’e® Ano’e and Ano°e’ are d x mP-matrices whose (u, v)-th elements
are given in this order by

n,c%a,(u,v) i\N,n  X,N,n
A/»c,,(s) ! (S X/{n(s)’un,,(s) )

s
o 0,(u;v) (yi,N,n X,N,n n i\N,n  X,N,n i
T aXUK,,(S) (Xn,,(s) 1 Hsn(s) ) / 9 T kon(r) (Xn,,(r) s P (r) )de’

A™ ,6%6°,(u,v) (S X/ ,N,n X,N,n)

0 o(s) ? Fren(s)
S
- 0,(u,v) ( yois N, XN, 0, iN, X,N, 0
= Ox0 fin(s) (Xnn(s;’ :U'Hn(s)n) / 5) Unn?r) (Xnn(r;’ /J’K,,(r)n)dWr )
kn(s
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Tamed Milstein-type scheme

an,0%0,(u,v) isN,n  X,N,n
AK,,,(S) ( XK (s)  H, (s) )

(u v) i\N,n  X,N,n v/j,N,n g n j,N,n X ,N.n
Nza” k() Xm(s)’/‘ ()7X ())/ﬁ(s) %n(s)(an(r)’ Hicn(r) ")dwy,

n,%a%,(u,v) i\N,n  X,N,n
A/-c,,(s) (5 X, tin(5) ) Mrn(s) )

uv) i,N,n  X,N,n ~,j,N,n gy 0,n j,N,n  X,N,n 0
TN Zau e (Ko Heats) - Xin(s)) /ﬁ 1o 7orte) K 1 ) AW

C. Kumar (lIT Roorkee) Milstein-type scheme July 1, 2022 18 / 28



Tamed Milstein-type scheme
Lemma 2

Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then, for each i € {1,... N},

EIM (s Xaig Ha@ )™ < KEQL+|X; (s)! P2 4 KEWER (100, 80),
E|r,.@ (S)(S X! n’zls;,u’):"(’z)n)r’o < KE(l + | e )| )P0/2 + KEWE (uX (Ai)na50),

for all s € [0, T] and n,N € N where K > 0 does not depend on n and N.

Corollary 1
Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then, for each i € {1,... N},

n,,(s)

|y 5, X0, w2 l) < Hen (L4 XRS5, o)

O kin(s) #on(s) K

E‘&,: (5)( Xan XNn)’Po < Kn4{ ( _i_|)</N;1‘2)P0/2+Eyvzpo('uf;,(l\i,)n,(50)}7

for all s € [0, T] and n, N € N where K > 0 does not depend on n and N.

v
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Tamed Milstein-type scheme
Lemma 3

Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then, for every i € {1,... N},

EIXGM = XER1P < K E(L+ XIS )P + KEWE (15 o) |,

for any t € [0, T] and n, N € N where K > 0 is independent of N and n.

Lemma 4 (Moment Bounds)

Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then,

sup  sup E(1+ |Xt'.”\”"|2)p°/2 <K,
ie{1,...,N} t€[0,T]

for any n, N € N where K > 0 is independent of n & N. Moreover, for any
q < po,

sup  E sup (1+|Xti’N’"|2)q/2 <K.
ie{1,....,N} t€[0,T]
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Tamed Milstein-type scheme
Proof:

By It6's formula and Cauchy-Schwarz inequality,
E(]. + ‘XZvN,n|2)P0/2 < E(l + |X6'7N,n|2)po/2

t
Po i,N,nj2\Po/2-1 i hNon o XN,
+?E/0 (14 D)™ {aX 80 o (XL )

(P = 1[0, 0 (5 XIS+ (oo = 1)[6%0 (5, X0 100 [ s

t . 2-1 , i,N,n i,N,n n
+p°E/o (L [XEM 22 (M = X By (X 1208 s

forany t € [0,T], i € {1,...,N} and n,N € N. Observe that 5" and 5%" are
sum of two matrices, see equations (5) and (6). Thus, by |A+ B|> = |A]? + |BJ> +

22:” LS AW BEY) for matrices A and B along with Corollary 1, Lemmas
[3, 2] and Gronwall s inequality, the proof is completed (4 pages). O
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Tamed Milstein-type scheme
Lemma 5

Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then, for every i € {1,..., N},
n, i,N,n X N n\ |P = 2
E’ I‘Kno(' ( Xﬂn(s) ) ) ‘ < Kn P/
n,o° i,N,n X N,n\ |P = 2
It (s, X2 )7 < Kn=?/

n,,(s) ’ nn(s

for all p < po/(p/2+1), s € [0, T], and n,N € N where K > 0 does not depend
onn and N.

Corollary 2

Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then, for every i € {1,..., N},

n,,(s

i) uxz">|"</<

for any p < po/(p/2+1), s € [0, T], n,N € N where K > 0 does not depend on
nand N.
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Tamed Milstein-type scheme

Lemma 6
Let Assumptions 1, 2, 6, 8 and 9 be satisfied. Then,
E‘Xsi,Nn XINn|P < Kn_p/2

for any p < po/(p/2+1), s € [0, T] and n, N € N where the constant K > 0
does not depend on n and N.

Lemma 7

Let Assumptions 1, 2, 5, 6, 7, 8 and 9 be satisfied. Then,

)

Elow (X)) = 82, (5, X 1) P < K

i\N,n  X,N,n ~0, N, X, N P =
E|Us (Xs ) Ms ) B O-fi,,rzs) (S )<rl€,,(5;7 lun,, s)n)’ < Kn p’
forany p < po/(2p+4),s€[0,T], i € {1,...,N} and n, N € N where the
constant K > 0 does not depend on n and N.

v
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Tamed Milstein-type scheme
Lemma 8
Let Assumptions 1, 2, 5, 6, 7, 8 and 9 be satisfied. Then,

E|bs (XM, 135M) = b o) (X3 s IP < K12,

forany p < po/(2p+4),s€[0,T], i €{l,...,N} and n, N € N where constant
K > 0 does not depend on n and N.

Lemma 9
Let Assumptions 1, 2, 5, 6, 7, 8 and 9 be satisfied. Then,
E|XSI',N _ XSI',N,n’P—2(Xsi7N _ Xsi,N,n) (bs(Xgi,N’ny X,N,n) _ bnn () (X;,HIE/;;?7MX,N,n))

Kn(s)
< KnP+K sup sup E’X’ N _ XN P
ie{1,---,N} re[0,s]

forany p < po/(2p+4),s€[0,T], i €{L,...,N} and n, N € N where constant
K > 0 does not depend on n and N.

v
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Tamed Milstein-type scheme

Theorem 10 (Rate of convergence)

Let Assumptions 1, 2, 5, 6, 7, 8 and 9 be satisfied. Then, the explicit Milstein-
type scheme (4) converges to the true solution of the interacting particle system
(3) associated with McKean—Vlasov SDE (1) in strong sense with the LP rate of
convergence equal to 1 i.e.,

sup  E sup |XINV — X/MNp < KnP,
ie{l,...,N} t€[0,T]

for any p < min{p1, po/(2p + 4)}, where the constant K > 0 does not depend on
n,N € N.

v
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Numerical Example
Mean-field stochastic double well dynamics:

t t
Xe = Xo +/ (X — X2 + EX,)ds +/ (1= X2)dws
0 0

t t t
X: = Xo +/ (Xs — X2 + E'X,)ds +/ (1 — X2)dW, +/ (1— X2)dw?
0 0 0

Tamed Milstein scheme:
Xi,N,n _ (Xi,N,n)3 1 N .
X/Nn _XINn+( Ih Ih + = X”N’n)h
(o T PR
1 (X"
L+ n1X" e
) Xi,N,n (Xi,N n
XNon i Non + ( Ih Ih XN n)
(I+1)h Ih 1 + n_1|XI N, n|4 N Z
i,N,n\2
1—(X,")?
1+ n-t x4

i,N,n i,N,n
(Xin )* - X
L+ h|></h’”’”|4

i
Ih

(AW)* — h)

N, N,
(Xis ") —Xp

Wi, +
L pxENe
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Mean-field stochastic double well dynamics

-6 =¥
—s+— Tamed Milstein scheme (p=2, Example 2) —<— Tamed Milstein scheme (p=2, Example 3)
. —+&— Tamed Milstein scheme (p=4, Example 2) —&— Tamed Milstein scheme (p=4, Example 3)
= & Tamed Milstein scheme (p=6, Example 2) -8 = - Tamed Milstein scheme (p=6, Example 3)
slope -1 L - slope -1
-8 9 -
i o
%] %]
= - =
Z -10 z 11
g g
= 11 = 12
-12 13
-13 14
14 15
7 8 9 10 11 12 6 7 8 -} 10 11 12
Level | Level |
Figure: Double-well Figure: Double-well with common noise
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