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Goal: Study optimal behavior of many agents who can hold each other

2—Player game model

e Agents 1 and 2 hold each other through the dynamics X' and X? :

Agent 1 holds part of Agent 2 via 71'2 | and Agent 2 holds part of Agent 1 via 72!
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e Agents 1 and 2 hold each other through the dynamics X' and X? :
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N—-Player game

Goal: Study optimal behavior of many agents who can hold each other

2—Player game model

e Agents 1 and 2 hold each other through the dynamics X' and X? :

1,2 2,1

Agent 1 holds part of Agent 2 via 7 and Agent 2 holds part of Agent 1 via 7w

AX} =dP! + | 7} ?dx2 | — x2ldX]} with AP} = bldt 4+ ofdW}E + o) dW
and

X2 =dP? + 7n2tdX)} — np?dX2 | with dP? = b2dt + o2dWZ + o) 2 dW

o w12 and 72! are the strategies/controls of players.

o Reward:

J1 (7T1’2,7r2’1) = ]E[U(X;lp)] and Jp (7‘(’1’2,7'('2’1) ::E[U(X%)]

e Objective: Find (n*12, n*2:1) a Nash equilibrium
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N—-Player game

N-player game formulation

o Asset X' of agent i = 1,..., N follows:

Part I hold Part owned by others , , N o ‘ N ,
— dX{ =dP} + ) wpldX] =) wltdX]
j=1

P{ and (r? X7); X7, =

with d t’ = bidt + J,deti + ag’ithO and 7%J is the investment of agent 7 in agent j.
@ The control of agent 7 is
I .= (7’[’2"1 7ri’N).

e Reward of agent i is
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N—-Player game

N-player game formulation

o Asset X' of agent i = 1,..., N follows:

Part I hold Part owned by others , , N o ‘ N ,
i irj yd jiiy |7 AXE=AP Y mpldX] = Y X
P{ and (77 X7); (7" X1); j=1 j=1

with dPti = bidt + J,deti + ag’ithO and 7%J is the investment of agent 7 in agent j.

@ The control of agent 1 is , , ,
I .= (71'2’1, e ,WZ’N).

e Reward of agent i is
Ji(t, - 1Y) := E[U(X7)]
o Goal: Find a Nash equilibrium (Hl, e ,HN) i.e. for each 1
Ji<H1)"' )HN) Z JZ(H17 7Hi_17 B 7Hi+17"' 7HN)7 for auﬁ = (/815"' a/BN)
Literature: Bertucci—Touzi, Bassou—Touzi (in preparation)

e Important feature

Control of one agent i I1¢ is s.t. II{ € R x --- x R — what happens when N — oo
———

N times
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@ Recall the formulation

N N
dx} =dPi+ Y mpldx] = 3" w)tdX] with AP} = bidt + oidW] + o} dB,.
control of agent i is IT* := (7Ti’1, e ,Wi’N)
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Intuition of the limit: Mean Field Game of Mutual Holding

@ Recall the formulation

N N
dX{ =dP} +> wp?dX] = xltdX] with dP} = bidt + ofdW{ + o) dB;.
i=1 j=1
control of agent i is IT* := (7Ti’1, e ,Wi’N)

@ Need of symmetry and rescaling

i _i _0,4\ replaced by 0 i N i,j replaced by 1 j
(by,07,0,") ————— (b,0,0°)(t, X[, ;') and w7 —— Nﬂ.t,
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Intuition of the limit: Mean Field Game of Mutual Holding

@ Recall the formulation

N N
dX{ =dP} +> wp?dX] = xltdX] with dP} = bidt + ofdW{ + o) dB;.
i=1 j=1
control of agent i is IT* := (7Ti’1, e ,Wi’N)

@ Need of symmetry and rescaling

i _i _0,i\ replaced by 0 i N i,j replaced by 1 i,j
( taataat ) ? (b,O’,O’ )(taXta:ut ) a‘nd 7Tt Nﬂ-t
@ Intuition of the optimal control
7%J the optimal investment of agent 7 in agent j has the shape
] _ i yJ N
Tt = ”(t7Xt7Xt7Ht )
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e Following our guessing, the deviating player’s dynamic is rewritten

N N
: : 1 : 1 ;
dX; =dP + N E_ B(t, X¢, gaﬂt )dX] — N]E:17T(tath’ ;,,ut )dXZ
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ooe
Intuition of the limit: Mean Field Game of Mutual Holding

e Following our guessing, the deviating player’s dynamic is rewritten

N N
. 1 N o N .
dX] = dP} + ;6(@ X3¢, x], u)dx] — N;W(tanij’“t )dX;

e Optimization problem (by propagation of chaos intuition) (7, ;1) solves

EX[U(X7)] = E[U(X2™H)] > E[U (X2 ™H)], for each 3
where X5+ .= XP with
Xﬂ = Pﬂ _|_E,u |:/ B(tX{Sga)?ta/Lt)dXt] - / EM |:7T(t7 XtaXtB7Nt)i|dXtB
0 0

and AP = b(t, X7, pu)dt + o (t, XP | 114)dAWs + 60(t, X7, 111 )dW 0

— Two parameters are fixed !
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e Following our guessing, the deviating player’s dynamic is rewritten

N N
. 1 N o N .
dX] = dP} + ;6(@ X3¢, x], u)dx] — N;W(tanij’“t )dX;

e Optimization problem (by propagation of chaos intuition) (7, ;1) solves

EX[U(X7)] = E[U(X2™H)] > E[U (X2 ™H)], for each 3
where X5+ .= XP with
Xﬂ = Pﬂ _|_E,u |:/ B(tX{Sga)?ta/Lt)dXt] - / EM |:7T(t7 XtaXtB7Nt)i|dXtB
0 0

and AP = b(t, X7, pu)dt + o (t, XP | 114)dAWs + 60(t, X7, 111 )dW 0

— Two parameters are fixed !

e Optimal solution

X. :P—I—IEM|:/ W(t,Xt,)?t,Mt)d)?t] —/ EM[W(t,)?t,Xt,,ut)]dXt,
0 0

with dPy = b(t, Xy, pe)dt + o(t, X, pe)dWe + ao(t, X4, ,ut)thO and ;1 = L(X|WO9).

Mao Fabrice Djete Ecole Polytechnique

9th International Colloquium on Backward Stochastic Differential Equations and Mean Field Systems



Motivation and Presentation

ooe
Intuition of the limit: Mean Field Game of Mutual Holding

e Following our guessing, the deviating player’s dynamic is rewritten

N N
. 1 N o N .
dX] = dP} + ;6(@ X3¢, x], u)dx] — N;W(tanij’“t )dX;

e Optimization problem (by propagation of chaos intuition) (7, ;1) solves

EX[U(X7)] = E[U(X2™H)] > E[U (X2 ™H)], for each 3
where X5+ .= XP with
Xﬂ = Pﬂ _|_E,u |:/ B(tX{Sga)?ta/Lt)dXt] - / EM |:7T(t7 XtaXtB7Nt)i|dXtB
0 0

and AP = b(t, X7, pu)dt + o (t, XP | 114)dAWs + 60(t, X7, 111 )dW 0

— Two parameters are fixed !

e Optimal solution

X. :P—I—IEM|:/ W(t,Xt,)?t,Mt)d)?t] —/ EM[W(t,)?t,Xt,,ut)]dXt,
0 0

with dPy = b(t, Xy, pe)dt + o(t, X, pe)dWe + ao(t, X4, ,ut)thO and ;1 = L(X|WO9).

Via EH [fo e d)?t], the (conditional) law of the differential appears in the dynamic !
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Formulation of the problem

o Optimization problem X the optimal process is semi—martingale i.e.

dX, = B¥(t, X)dt + 2H(t, X)dW; + 240, X)dwy.

Given (m, 11), the controlled process X# is rewritten
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Formulation of the problem

o Optimization problem X the optimal process is semi—martingale i.e.

dX, = B¥(t, X)dt + 2H(t, X)dW; + 240, X)dwy.

Given (m, 11), the controlled process X# is rewritten

dX,B EM [/B(taXtBaXt;,ut)Bu(t?X)] +b(t7X11,87:ut)dt+ O-(taXtBa,ut) 177
- AN AN N -~ t
' 1+ E~ [W(t,Xt,Xf,,Mt)] 1+ E~ [TI'(t,Xt,XtB,,LLt)]
Be8(t X/, KXo, p) S0t X)) + 00t X[ ) o
—~ AN t
1+ Ex [n(t, Xe, X[, p1e)]
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Formulation of the problem

o Optimization problem X the optimal process is semi—martingale i.e.

dX, = B¥(t, X)dt + 2H(t, X)dW; + 240, X)dwy.

Given (m, 11), the controlled process X# is rewritten

dX,B _ EM [/B(taXtBaXt;,ut)Bu(t?X)] +b(t7X11,87:ut)dt+ O-(taXtBa,ut) AW,
' 1+ E~ [W(ta)?thfnut)] 1+ E~ [TI'(t,Xt,XtB,,LLt)]
BB X, X p) S0 X)) + 0O X7 )
—~ AN t
1+ Ex [n(t, Xe, X[, p1e)]
e Drift and Volatility at the equilibrium: p;(dx)dt almost every (¢, x)
t
S (t, ) = ot 2, i)
L+ [7(t,y,, pe) e (dy)
and
w(t,x,y, BH, Y1) (dy) + (b, 09 (¢, x,
L+ [ 7(t,y, @, pue) e (dy)
— Optimization problem with control of volatility !
— Equations over the drift and the volatility
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Formulation of the problem

Simple representation

o Let (F,G,G%) be known. Given u, 7 and (B, %, 29),
dX] = Fu(X], 1, 8,7, B)dt + Ge (X[, p, B, 7, £)AWs + G (X], 1, B, 0, 20)d W

1- Optimization

leading to

sup E[U(X'IB“)] B: :ﬁ*(t,X'B,M,’]T, (B,E,EO))
BEA

2- Consistency properties

[Bt, e, Eg] = [Ft(:z;,,uJ,w,w,B), Gt(x, p, m,m, %), Gg(m,u,w,ﬂ',Eo)]
and

B*(t, X8 7, (B,5,%%) =m and = L(X7 |WO)
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Formulation of the problem

Simple representation

o Let (F,G,G%) be known. Given u, 7 and (B, %, 29),
dX] = Fu(X], 1, 8,7, B)dt + Ge (X[, p, B, 7, £)AWs + G (X], 1, B, 0, 20)d W

1- Optimization

leading to

sup E[U(X'IB“)] B; :ﬁ*(t,X'B,M,’]T, (B,E,EO))
BEA

2- Consistency properties

[Bt, e, Eg] = [Ft(:z;,,u,w,w,B), Gt(x, p, m,m, %), Gg(a:,u,w,ﬂ',Zo)]

and
B*(t, X8 7, (B,5,%%) =m and = L(X7 |WO)

o In our case: A= {All maps 8:[0,7] x R x R x P(R) — [0, 1]},
o(t,z,v)

G y M 72 = ~ -~
t(@, v, B,m, ) 1+ [7(t,Z,z,v)dZT

and
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No common noise i.e. | ¢ = 0 | Solving supg ]E[U(Xg)] leading to 5* where

dXﬁ . E# I:B(taXtBaXta,Uft)BM(t)X)] +b(t>X1?7:ut)dt+ O-(taxtﬁhut) th
t - A~ A~ A~ A~
L+ BH [m(t, Xe, X[, )] L+ BH [m(t, Xe, X[, )]
and verifying
T=p8" + pu=LXTTH") + equation over the drift B*
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No common noise i.e. | ¢ = 0 | Solving supg ]E[U(Xg)] leading to 5* where

EM I:B(taXtBa)?tnut)BM(t))?)] +b(t’X1{37:ut)dt+ U(taxtﬁmut)

dx; = = T P = . P
1+ E~ |:7T<taXt7Xt 7Mt)] 1+ E+ [Tf(taXtaXt ,Mt)]

dWy

and verifying
T=p8" + pu=LXTTH") + equation over the drift B*

— No control of volatility !

— Not an obvious fact Indeed, remember N—player game

N N
. 1 | S
dx} =dP} + S Bldx] - < S i) — dXe = M(t, 8,11, 1)) @ [btdt foie dwt].
- — $
! ! N x N matrix
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No common noise i.e. | ¢ = 0 | Solving supg ]E[U(X?)] leading to 5* where

EM I:B(taXtBa)?tnut)BM(t))?)] +b(t’X1?7:ut)dt+ U(taxtﬁmut)

dx; = = T P = . P
1+ E~ |:7T<taXt7Xt 7Mt)] 1+ E+ [Tf(taXtaXt ,Mt)]

dWy

and verifying
T=p8" + pu=LXTTH") + equation over the drift B*

— No control of volatility !

— Not an obvious fact Indeed, remember N—player game

N N
: 1 : 1 o N
dX]g = dPtz + N ]E:lﬂing — N ;:1 Wi’defg — dX; = }\/I(t, B:,H’ My 20 [btdt + ot e th}.
N x N matrix

Theorem (D. and Touzi (2021)) Under technical conditions over (b,0,U) and U 7,

there is at least one MFG-MH equilibrium (7*, 1) with 7* (¢, z,y) = l{b(t,y,ut)Z—C(t,ut)}

o(t,z,m)

1
L - + _ —_ i
B(t, Zl',',m) = (2 (b + C) (b + C) )(t,x, ”I’) and E(t7x7 m) . 1 + 1{B(t,m,m)20}

c(t,m) > 0 is the unique solution of the equation ¢ = % Iz (c + b(t,y, m))+m(dy).
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Non-negative drift i.e. b > 0 — c(t,m) = [ b(t,y, m)m(dy)

e Optimal control 7#*(t,z,y) =1

e Equilibrium dynamics B(t,z,m) := %(b(t,x,m) + c(t,m)) and X(t,z,m) = %J(t,zc,m)
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Non-negative drift i.e. b > 0 — c(t,m) = [ b(t,y, m)m(dy)

e Optimal control 7#*(t,z,y) =1

e Equilibrium dynamics B(t,z,m) :=

e Example When (b, o) constant

%(b(t,x,m) + c(t,m)) and X(t,z,m) = %J(t,zc,m)

dP; = bdt + odW4
Py ~ N (bt, 0%t)

~A

dX; = bdt + 2odW;
X5 ~N(bt, 10%1)
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Non-negative drift i.e. b > 0 — c(t,m) = [ b(t,y, m)m(dy)

e Optimal control 7#*(t,z,y) =1

e Equilibrium dynamics B(t,z,m) := %(b(t,x,m) + c(t,m)) and X(t,z,m) = %J(t,zc,m)

e Example When (b, o) constant

dP; = bdt + odW; dX; = bdt + 2odW;
P; ~ N (bt,0?t) X5 ~N(bt, 10%1)

Negative drift i.e. b <0 — c(t,m) =0

e Optimal control 7w*(t,z,y) =0

e Equilibrium dynamics B(t,z,m) := b(t,x,m) and X(t,x,m) := o(t,x,m)
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Non-negative drift i.e. b > 0 — c(t,m) = [ b(t,y, m)m(dy)

e Optimal control 7#*(t,z,y) =1

e Equilibrium dynamics B(t,z,m) := %(b(t,x,m) + c(t,m)) and X(t,z,m) = %J(t,zc,m)

e Example When (b, o) constant

dP; = bdt + odW; dX; = bdt + 2odW;
P; ~ N (bt,0?t) X5 ~N(bt, 10%1)

Negative drift i.e. b <0 — c(t,m) =0

e Optimal control 7w*(t,z,y) =0

e Equilibrium dynamics B(t,z,m) := b(t,x,m) and X(t,x,m) := o(t,x,m)

General drift — No explicit ¢(¢, m) | But, a combination of the two previous situations occurs
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O-U dynamics i.e. b(t,z,m) =0(m — x) and o(t,z,m) =7

Comparison of drifts

— optimal dritt theta=3
=== initial drift m=-5
o x=cftheta+m sigma=0.5
= delta=1
I
2
£
=
(a]
W
=
¥
f=)
A
T T T T T
-5.4 -5.2 -5.0 -4.8 -4.6
X
Comparison of densities
N
- —— density of optimal solution theta=3
-~ density of provision m=2.5
(S sigma=0.5
- delta=1
®
@4
=
w e |
g o
[a}
=
f=]
o
o
o
f=J
T T T T T T T
1 0 1 2 3 4 5
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Approximate solution for the N—player game Given I' := (’yi’j)lgi’jSN,

N N
i i 1 .4 j 1 i, i j
dX; =dP{ + — ;% Tax) — ~ jz::lyg dX! — dX; = B(t, X¢,T¢)dt + 3(t, X4, ') @ AW,

Let m(t, @', m™) = 7 (£,%) == L gy 0i N )50}

i N 1 AJ R~ )

Ei’j(t x) . O'(t,$ , )1{1:J}+NA (t,x)O’(t,iE y M ) Aj(t X) L 1+77 (t,x)
S 1+ (e, w0, m) A STy G TOE
N =1 147k (t,x)

. . N . . . .
4] = Bt X[t + 305 (6 X0 )W — X, = B(L X, T)de 4+ £( X, T1,) o AW,
j=1
where | II}Y := (77 )1<ij<n with 77 = 7] = (B(t,x],uN)>0}
b t7 t i

— (gl NAT 1=i(g) . (1T i—1,\T i1,y T NyTYT
FOF,B.—(B,---,B )T, T (/8)—(('7,) 7"'7(7 ’),,Bt,(’)/ ) 7"'7(7 ’))
Theorem (D. and Touzi (2022)) For all N > 1,

, , C
|=5% (4, 1174(8), x) — (8, T, x)| 4 | B (¢, 11,7 4(8), x) — BF(¢, 11, x)| < — for all k # 4,

2

o(t, 2", mY (x)) < c

sup |26’q(t,1_[t,x)’—{— sup ‘Ek’k(t,ﬂt,x)— e =N
t

1<g#e<N 1<k<N
and the mutual holding strategy IV is an e y—Nash equilibrium with limy_ 00 en = 0.
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