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Overview

* Time change;

> Di Nunno, Sjursen, BSDEs driven by time-changed Lévy noises and optimal control,
Stochastic Processes and their Applications 124, 2014, 1679-1709.

> G. Di Nunno, S. Sjursen, On chaos representation and orthogonal polynomials for the doubly
stochastic Poisson process, Robert C. Dalang, Marco Dozzi, Francesco Russo

(Eds.), Seminar on Stochastic Analysis, Random Fields and Applications VII, in:
Progress in Probability 67, Springer, Basel, 2013, 23-54.

» Existence & uniqueness of the solution of RBSDEs with time
change and lower barrier;

> M. C. Quenez, A. Sulem, Reflected BSDEs and robust optimal stopping for dynamic risk

measures with jumps, Stochastic Processes and their Applications 5, 124, 2014,
3031-3054.

= Verification theorem;

x Comparison theorem.



Time-change process

m Let (Q, F,P) be a complete probability space and X := [0, T] x R, we will consider
X = ([0, TJu{0})uU ([0, T] x Rg), where Ry = R\{0} and T > 0.

m Denote Bx the Borel o-algebra on X. Throughout this presentation A C X
denotes an element A in By.

m Let \ = (AB, AH) be a two dimensional stochastic process such that each
component X, | = B, H, satisfies
(i) AL >0 P-as. forall t€[0, T],
(i) limp_o P (‘)\’Hh - A’t‘ > e) =0 for all ¢ > 0 and almost all t € [0, T],
(iii) E [fOT X’tdt] < co.
m The space of all processes X := (A&, AH) satisfying (i)-(iii) above is denoted by L,
and it is supplied with the random measure A on X,
T T,
/\(A) = /O 1{(t,0)€A}(t)£dt + /0 /]F 1A(t, Z)U(dz)ﬁdt, (1)
. Jo  Jrg

as the mixture of measures on disjoint sets. Here v is a deterministic, o-finite
measure on the Borel sets of Rq satisfying fRO Zz2u(dz) < co.



= We define the o-algebra generated by the values of A as ", while A" denotes
the restriction of A to [0, T] x Ro and AP the restriction of A to [0, T] x {0}.

m Hence for A C X

AMA) =ABan(o, T] x {0})+ A" (AN[0, T] x Ro).

m For A It follow from (1) that
A(ds, {0}) = AEds,
A(ds, dz) = AHds, z € Ry.

Definition ( Di Nunno, Sjursen, 2014)

(A1) P (B(A) < x| FN) =P (B(A) < x| AB(A)) =@ (ﬁ)
x €R, A C0, T] x {0},
(A2) B(A;1) and B (A3) are conditionally independent given F whenever A; and A, are
disjoint sets.
H k

(A3) P (H(A) = k | FN) = P (H(A) = k | AH(A)) = MBE A7),
keN,AC,[0, T] x Ro.

4 1) an o) are conditionally independent given F" whenever A; and A, are
A4) H(A d H(A ditionally ind d i A wh A dA

disjoint sets.
(A5) B and H are conditionally independent given F/.




Definition ( Di Nunno, Sjursen, 2014)

The random measure u on the Borel subsets of X is defined by

|p.(A) =B(AN[0, T] x {0}) + H(AN[0, T] xRy), AC X, | (2)

where H := H — A" be the signed random measure given by

H(A) = H(A) — AP(A), A cC [0, T] xRo.

m Properties:

(A1) = E [B(A) | FN| = B
(A3) = E [H(A) | 7] 7AH = E[H(A)| F =0 }ﬂ[u(ﬂﬂf“} =0
(A2), (AB) = & [B(A)? | f’\} = /\B(A) } { E [u(A)? | FA = A(A),
(A4),(45) = E [H(A) | PN = AM(a) [T Elu(an)u(a) | 7 =0



m The random measures B and H are related to a specific form of time-change for
Brownian motion and pure jump Lévy process. More specifically define

B: - = B([0, t] x {0}), AB .= /tx‘fds,
0

t t
Nt ::/ / zH(ds, dz), At ::/ Ads t €0, T].
0 JRy 0

Theorem 1. (Richard F. Serfozo, 1972, Bronius Grigelionis, 1972)

Let W, t € [0, T] be a Brownian motion and N¢, t € [0, T] be a centered pure jump Lévy
process with Lévy measure v. Assume that both W and N are independent of A. Then

m B satisfies (A1) and (A2) if and only if, for any t > 0
B £ Wye,
m 7 satisfies (A3) and (A4) if and only if, for any t > 0

d
ne = N/A\;—!.



Filtrations

m Let us define F* = {F¥ t € [0, T]} as the smallest filtration generated by
w(A), A C [0, t] x R. From the definition it follows that for any t € [0, T]

‘]—‘f =FEVvFvFL

where
- FE is generated by B(A N[0, T] x {0}),
- FH is generated by H(A N[0, T] x Ry),
- FN is generated by A(A), A € [0, t] x R.
This follows from the application of the results from Winkel, 2001 & Di Nunno,
Sjursen, 2013.
m Letusset F={F: tel0, T]} where

Fr=[F~

r>t

m Furthermore, we set G = {G¢, t € [0, T|} where

Remark that G+ = Fr, Go = FN, while .7-'6‘ is trivial.

(In the sequel notation F = Fr will be used.)



Reference filtration T is the smallest right-continuous filtration to which w is
adapted.

The filtration G is right-continuous.

The random field w is a martingale random field with respect to F (different
representations hold under lack of informations) and G, since:

u has a o-finite variance measure;

It is additive;

Adapted;

It has the martingale property;

w It has conditionally orthogonal values.



Representation results

Denote Z9 as the subspace of L2 ([0, T] x R x Q, Bx x P, A x P) of the random fields
admitting a G-predictable modification, in particular

r %
l®llze = ( {/ os( >\Bd5+/0 . ¢>5(Z)2u(dz)>\fds}> < 0.
Jry

. (Di Nunno, Sjursen, 2014) Martingale representation under G

Theorem 2
Assume Mg, t € [0, T], is a G-martingale. Then there exists a unique ¢ € Z9 such that

Me = E M7 | 7] +/Ot/%¢5(z)u(ds,dz), teo Tl.

Theorem 3. Version of Doob—Meyer decomposition under filtration G.

Let S¢, t € [0, T], is square integrable G-supermartingale. There exists a unique square-
integrable martingal M;, and a nondecreasing RCLL (right continuous with left limits) pre-
dictable process A, for which £(AZ) < co and Ag = 0, such that for every t € [0, T]

St = Mt + A,




Denote Z7 a set of random fields for which

. :
/ ©2dAs ) <oc}.
J0O

Corollary 1. (Di Nunno, Sjursen, 2014) Martingale representation under F.

77 = {(p € L%(Q, F, P),F — predictable : <E

Assume M, t € [0, T], is a F-martingale from L2(Q,.7-', P). Then there exists a unique
¢ € 77, and F-martingale N: which are orthogonal to u, such that

Me = Ne + /0 /R és(2)u(ds, dz), te[o, T].

Theorem 4. Version of Doob—Meyer decomposition under filtration .

Assume Sf,t € [0, T], is square integrable F-supermartingale. Then there exist orthogonal
martingale components N and ¢7, a nondecreasing RCLL (right continuous with left limits)
predictable process A%, for which E[(A%)?] < co and AZ = 0, such that for every t € [0, T]

ot p
SE=nNT + /O /Rdf(z)u,(ds, dz) + AL



Reflected backward stochastic differential equations with time-change

Lévy noises and lower barrier

For § := G, F let us denote:

LP(F) is the set of random variables & which are F-measurable and p-integrable,

p>1

S%2 be the space of real-valued RCLL F-adapted stochastic processes

Ye, t €0, T],w € Q, such that

1Yllss, =

HY9 is the space of §-predictable stocha
that

Islly52 -=E

sup |Yt|2 < o0;
lo<e<T

stic processes ft, t € [0, T],w € Q, such

[, 7
/ f52ds < 00;
0

To be the set of stopping times 7 € [0, T] a.s. .
For S in 7o, let Ts be the set of stopping times T such that 7 € [S, T] a.s. .



Existence and uniqueness of the G-solution

> For T > 0 let RBSDE driven by time-change Lévy noises and lower barrier under G be
rewritten in following form

T T T T
Yi=YT +/ gs(Xs, Ys, ¢ps(2))ds f/ ¢s(0)dBs f/ / ¢s(z)H(ds, dz) +/ dAs,

t t t JRg t
which is equivalent to equation

Ye= YT+ ./;Tgs(ks, Ys, ¢s(z))ds — /tT/R ¢s(z)u(ds, dz) +'/;T dAs.

where (standard assumptions under G are)
m YT € L2(Q, G, P) (final value-reaching point of state process of BSDE).

m Function g is a drift coefficient, ie driver which satisfies:
- g\ Y, ¢, ) is G-adapted forall\e £, Y € 8%, ¢ c 19,
- g(X,0,0,-) € H%, forall A€ L.

m Obstacle/barrier process ¢ is RCLL from S9%.



Definition

Triple (Yt, ¢¢(+), At)iefo, 7] is @ G-solution of RBSDE associated with triple (Y7, g¢, &¢

)?e[o, T]

(Y7 is final condition, obstacle £ is RCLL from 892, and driver g with introduced properties),

if:

(Ye, 0¢(-), At)epo, 1] € S92 X 9 x 5%,
triple satisfies equation

Ye=Yr +./;T9$(>\sv Ys, ¢s(2))ds — /tT/R ¢s(Z)u(d5rdZ)+'/t.T dAs,  (3)

with Y7 the terminal condition, Y7 = &7,
Y: > & for every t € [0, T] a.s., where &: € S» is a cadlag G — adapted process,

A is a nondecreasing RCLL (right-continuous with left limits) predictable
process with Ap = 0, such that

()
-
/0 (Y: — &:)dAT =0 a.s., (4)

(i) AAY = —AYilyy, ¢,y as.,
where A€ denotes the continuous part of A and A? its discontinuous part.



Remark 1. Instead of saying that (Y%, ¢¢(-), At)icfo, 7] Progressively measurable processes is a
solution of RBSDE, we can say that pair of progressively measurable processes
(Yt, 9t(+))tcpo, 7] is @ solution of RBSDE where:

— processes Yy, ¢¢(+) are from 592 x 19:
— process Y satisfies property 3. from the definition of the solution;
— process A, t € [0, T] has nonegative values and it is defined with

At = Ao — Y — /Ot gs(Xs, Ys, ¢s(z))ds — /Ot/]R ¢s(z)u(ds, dz),

In this sense we can prove that there exist unique pair of progressively measurable processes
(Yt, t(+))tefo, 77 Which solves equation.

> We introduce Lipschitz driver”.

(H1) If function g : [0, T] x [0, 00)? X R x ® x Q — R satisfies (for some Lg > 0)

lg: (B, XF) v, W) = gr (WBAM) , ya, ¢(2))| < Lg(llyr — yell
+[600) = 6D VAT 4 /[, [60)(2) ~ 6(2) Wdz)ﬁ) '

for all (AB, AH) € [0,00)2,y1,y2 € R, and ¢(1), () € d, dt x dP a.e.



> “Simple” RBSDE with time change & lower barrier

T

Ye = YT+ ./L)T gs(As)ds — /tT/]T ¢s(z)u(ds, dz) + / dAs.

Jt

Lemma 1. (Di Nunno, Sjursen, 2014)] Estimate for the driver.

Let (Y, ), (U,9) € S%2xTC, and g: [0, T]x[0,00)2XxRx ®xQ — R, g(X,0,0,-) € H%,
for all X € L, satisfy (H1). Then, for any t € [0, T],

‘ 2
E [(/Tgs ()\5, YSvd)S) _gs(>\s, USvU’S)dS) :| §3L§(T— t‘)

§
E|(T—0) s |Ve— U+ [ /Rass(z)—ws(z)m(ds,dz)}

t<r<T

and

T 2 e
E {(/r gs(xs,us,dxs)ds> } < (T - t)E {g/t Igs (As, 0, 0)[? ds
+612 (( —t) su<p |Ur|? +/ /|‘l[)s(Z| A(ds, dz)>]



Lemma 2. Estimate for the state process.

Let U € 8% and ¢, € 79 and let (YT, gs, £¢) be standard parameters of RBSDEs with a
lower barrier. We define stochastic process Y;: for t € [0, T] in following way

Yi:= YT+/tTgs(>\s,Us,ws)ds—ATA¢s(z)u(ds,dz)—i—/tTdAs. (5)

Then Y € 8% and

t<r<

T 2 T
E[ sup |Y/]°]<E 4Y%+4</ |gs(Xs, U5,¢5)|ds> +4A2T+4o//¢>§(z)/\(ds,dz) |
T t 0 JR



Line of the proof.

It follows
T 2 T 2
E[ sup |Y;|?] < 4E [Y%+4 </ lgs(Xs, Us,z,bs)|ds> +4 </ dAs> ]
t<r<T t t

T 2
o LsggT </ /Rd’s(z)u(ds, dz)) }

. - . P
> Applying elementary and Doob’s inequality (Esupg<;<7 |[M¢|P < (p%l) E|MT|P),

- 2 - 2
E [ sup </ ¢s(z)(ds, dz)) } < 10E </ ¢s(z)u(ds, dz))
t<r<T \Jr JR Jo Jr

> Substituting last we obtain

T 2 T 2
E[ sup |Y;|°] <4E [Y%+4 </ lgs(Xs, us,ws)|ds> +4 </ dAs> ]
t<r<T t t
T 2
+ 40E |:</0 /Rq}s(z)/\(ds, dz))

e, Y eS8, *

< 400,




Theorem 5. Solution for simple RBSDE with time change & lower barrier

Let driver gs € 1% be independent of processes of state and control, and let barrier process
€ is RCLL from S%. Then, simple RBSDE with time change & lower barrier has a unique
G-solution (Yr, ¢r(:), At)eepo, 7] € S% X I9 x S%, and for each T1 € To,

-
Var, = esssupTGTTllE {YT +/T gt(At)dt‘gn} a.s. .
1

Line of the proof. Existence. Let us define

.
Y(Ty) :=ess supTeTTlE [YT + /T gt(kt)dt‘gn} .
1

> By classical results of optimal control (Dellacherie, E. Lenglart 1981), there exists RCLL
adapted process Yt such that for every T7 € Tg

V(Tl) = \77'1 a.s. ,

> It follows that process \N/t + fot gs(Xs)ds is a supermartingale, see Snell envelope.
> From Theorem 2 and Theorem 3, it follows that for t € [0, T] there exist ¢:(-), A¢,
€ I9 x 89, such that (Y%, ¢¢(*), At)tefo, 7 is a solution of the equation

Yt:YT-s—/ gs(Xs dsf//dg dsdz+/ dAs.



Uniqueness.

> Uniqueness of processes ¢:(-) and A; follows from the uniqueness decomposition theorem.
> Let (Y, d¢(), At)tepo, 1) be another solution. Since Yi > &, t € [0, T] it follows that for
every T1 € Tp and T € T1 we have

T T
Yr, >E {YT—F/ gs(xs)ds(gn} >E [£T+/ gs(xs)ds]gn} a.s.
T T1
Applying supreme over T € T, on last expression, we obtain
YTl Z \N/(Tl) a.s. .

> If we now define for € > 0 and T; € 7p stopping time T% =infes {Ye <&+ €}
Direct consequence of this definition is that for every t € [Ty, 7% [ following holds:
Y: > &: + € a.s., AC is a constant, as well as that A is constant a.s. Also,
d _
Y(Tgrl)— > E(TETI)— +€e= AAT%& =0 a.s.
=Yy + fot gs(Xs)ds is martingale on [T1, TET1 [
> By right continuity of process &; and Y; it follows

Yy, =E

TE
Yo, +/ gs(As)ds‘g-rl] <V(T)+e  as.
T

As last holds for every € > 0, it follows

YTl S S‘/(Tl) a.s. *



Theorem 6. Solution for general RBSDE with time change & lower barrier

General RBSDEs with a lower barrier and associated triple (Y7, g¢, &t

)(E’E[O,T]’ where driver
g satisfies hypothesis (H1), has a unique G-solution.

Line of the proof. Let us introduce mapping © : S92 x 79 — 5% x 79 in following way

(Y, 9) :=0(U,y),
such that (Y, ¢) is a solution of eq.

Y= Yr+ /;Tgs(ks, Us, Ps)ds — /tT/]R ¢s(z)u(ds, dz) +/t.TdA5.

> From Lemma 2. and Theorem 3. it follows that mapping © is well defined. Let us prove
that it is a contraction.
Let (Y, @) be another pair or process form S9 x Z9 such that (Y’,¢') = ©(U', ') and it

is a solution of general RBSDE associated with a driver gs(s, U’,'(,l/). We will keep the
notation

¥ —

~<1 Ql

G\G

u-U,
Y - Y/,
9(,

- @l'él
E i

¢ -
¥

\_/

¥)—9g(:



Ito formula for semimartingales on emf/f,
~ T ~ T ~
Py = —5/ eﬁSY52d5+2/ 5V _dAs 1
t t
T .
+2 [ P gaa(hs, Yo 821(2)) — 9e2(hs, Yoz, dua(2))]ds
t
T . T o -
- 2/ %5V ds(0)dBs —2/ / 5V ps(z)H(ds, dz)
t t

T ~
fZ/t PV dAsa — > P(aYs)? / P H2(0)ABds. (6)

t<s<T

> Since the processes A;, i = 1,2 jumps only at predictable stopping times and u(-, dz)
jumps only at totally inaccessible stopping times, it follows that

/ eﬁ5¢s v(dz)Nds — D P (AYs)?

t<s<T

T, T
/t ROECONEE / /R R d) |- Y - aAaP

t<s<T

/ / P (2)H(ds, dz) — Y P (DA — AAso)?.

t<s<T



> If we substitute last in (7), it follows
T T T
S92 13 / P 2ds 1 / P G2(0))Eds+ / SR () u(d2)dst 3 P (AA — DAY
t t t JRoy toeT

-
< 2/ &P \75 [95,1(>\5r Y51, ¢5,1(Z)) - 95,2(>\5r Ys.2, ¢S,2(Z))] ds
t

< Lg (1%l + 1851 VAB + | [Toy 18s(2)Pu(d2)AT ) + 3|

- 2/T 75V ps(0)dBs — 2/T/ 5 (2Ysbs(z) + P2(2))H(ds, dz)
t Jt Ro

T T
+ 2/ BV, dAs1 — 2/ PV, _dAs
t t

<0 >0

> Apply conditional expectation with respect to G: and elementary inequalities, it follows

P+ E |:<ﬁ /tTeﬁsf/fds + /;T eﬁSJ)g(O)Afder/tT/R P P2 (2)v(dz)A\l ds ) ‘gt:|

1 T . T . T
<E|:(2Lg+82) / oV 2ds 136’12 / eﬁ5|¢5(0)\2>\5ds+/ / |bs(2)Pr(dz)A\E ds
t Jt Jt JRg

A~

N——
el
[

-
+3¢%E [/t e55_z;s(xs)|2ds]gt] . (%)



> If we denote n := 3¢2, B> 2Lg + % (for € small enough 362L§ < 1), taking expectation
of sup over t, it follows

= sl12

.
25, <ne’TE (/O |.as(xs)2ds> = 7?7 15| P,

> From (%) applying expectation of sup;¢[o, 7], we obtain

~ T ~ T ~
|¢s(z>|§g:E[/0 |Bs(0)PAEds + /O /R O ¢s(z)|2u(dz)x§’ds]

<.
.
<nLiPTE sup / ¢5(0)>\Bds+/ / P2 (2)v(dz)AHds| +nefTE / gg(xs)ds‘gt
tel0,T] t
> From last, if n < LQ, then
nefT

:5“(55(2)”%7 < WH%H?{QT



> Using result from Lemma 1 - estimate for the driver,

=1 ¥sll30, + 16s(2)l176 < 3L max{ T, 1}ne’ T (||¥s|3g, + l1ds(2)lI30)-

592 592

> Asn < 3 it follows from last

1 1 1
Smax{Tz,l}' 2L£27' 3L5 max{TZ,l}}'
that © is a contraction on $% x 79, *

if we now take 7 < min {



Existence and uniqueness of the F-solution

> For T > 0 let RBSDE driven by time-change Lévy noises and lower barrier under F be
rewritten in following form

Yi = YT+/;TgS(>\5, Ys,d)s(z))ds—/;Td)s(O)st—/;T/J;{O ¢s(z)H(ds, dz)+/tTdMs+/tTdAs,

which is equivalent to equation

Ye= YT + /tTgs(ks, Ys, ¢s(z))ds — /tT/R ¢s(z)u(ds, dz) + /;T dMs + /;T dAs,

where ||M||M§2 = ftT ePsd[M]s < 400,38 > 0 and (standard assumptions under F are)

m YT € LQ(Q, F,P) (final value-reaching point of state process of BSDE).
m Function g is a drift coefficient, ie driver which satisfies:

- g(\, Y, ., ) is F-adapted  forall A€ £, Y € S72,¢ € 77,
- g(2,0,0,-) € HT2, forall X € L.

m Obstacle/barrier process ¢ is RCLL from S72.



Quartet (Y%, ¢e(+), Me, At)ieo,7) is a F-solution of RBSDE associated with triple
(Y—,—,gt,&)]fe[o 7] (Y7 is final condition, obstacle ¢ is RCLL from S72, and driver g with
introduced properties), if:

(Ye, dt(-), Me, Ar) € S72 x 7 x Mé:z x 72,

satisfies equation

T T T T
Ye= YT +/ 9gs(Xs, Ys, ¢s(2))ds —/ / ¢s(z)u(ds, dz) +/ dMs +/ dAs,
t t JR t t
with Y7 the terminal condition, Y+ = &7,

Y: > & for every t € [0, T] a.s., where &+ € Sy is a cadlag Fr — adapted
process,

A is a nondecreasing RCLL (right-continuous with left limits) predictable
process with Ap = 0, such that

(i)
T
/0 (Yt—&)dAfzo a.s.,

(i) AAY = —AYilyy, ¢,y as.,
where A€ denotes the continuous part of A and A? its discontinuous part.



Remark 1. Instead of saying that (Y%, ¢¢(+), M¢, At)re[o,T] progressively measurable processes
is a solution of RBSDE, we can say that triple of progressively measurable processes
(Yt, ¢¢(+), Mt)¢cpo, 7] is @ solution of RBSDE where:

— processes Yr, ¢¢(+), My are from 592 x 79 x Mgz — process Y; satisfies property 3. from
the definition of the solution;
— process A¢, t € [0, T] has nonegative values and it is defined with

At =Ao — Y — /(;tgs(ks, Ys, ¢ps(2))ds — /Olt/%d)s(z)p.(ds, dz) — /tT dMs,

In this sense we can prove that there exist unique pair of progressively measurable processes
(Yt, d¢(-))tefo, 7 Which solves equation.

> “Simple” RBSDE with time change & lower barrier

T

Ye= Y1+ '/;Tgs(xs)ds — /tT/R ¢s(z)u(ds, dz) + /t

T

dMs-i-/ dAs.
Jt




Theorem 7. Solution for simple RBSDE with time change & lower barrier

Let driver gs € H72 be independent of processes of state and control, and let barrier process
£ is RCLL from S72. Then, simple RBSDE with time change & lower barrier has a unique
F-solution (Ye, ¢e(-), Me, At)epo, 1) € S72 x T7 x M§2 x S72, and for each Ty € 7o,

-
Y1, = esssupTeTTlE [YT +/T gt(At)dt‘]-'Tl} a.s. .
1

Line of the proof.
> As in the framework under G, let us define

-
Y(T1) = ess sup ey, E [YT +/ gt(kt)dt‘}}l} .

T
> As before, there exists RCLL adapted process Y; such that for every T1 € To

S‘/(Tl) = {/Tl a.s.,
such that Y: + fot gs(Xs)ds is a supermartingale, see Snell envelope.
> From Theorem 4 - Doob Meyer's decomposition under F, it follows that for t € [0, T]
there exist ¢¢(-), M, As, € 77 x M;;z x S72, such that (f@, b (+), M, At)re[o,T] is a solution
of the equation

T T p T T
Y = YT+/ gs(ks)ds—/ / ¢s(z)(ds, dz)+/ dM5+/ dAs. *
t t JR t t



Theorem 8. Solution for general RBSDE with time change & lower barrier

General RBSDEs with a lower barrier and associated triple (Y7, gt,&)]fe[o Al where driver
g satisfies hypothesis (H1), has a unique F-solution.

Line of the proof.
1t6 formula for semimartingales Pt Y2 we obtain

172 +5/T H552ds + /T S5 (0)NEds + /T i)
t t t
T
< 21 ePs \75[95'1(%5, Ys.1, d)s,l(z)) - 95,2(>\5, Ys.2, ¢s,2(z))]ds
T . T < . T <c -
72/: %5V hs(0)dBs 72/[’ /RO & Y5¢S(Z)H(ds,dz)72/t Y d s
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> Since the processes A;, i = 1,2 jumps only at predictable stopping times, while (-, dz)
and M(-) jump only at totally inaccessible stopping times, it follows that
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> From (A), it follows
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> Using similar arguments as in Theorem 6, applying conditional expectation with respect to
Ft, for the appropriate choice of constants, it follows that

=1 Ysll3r, + 1185257 + 1] 7 < 1T 135155,
7

> Let us introduce mapping © : S72 x 77 x M{z — S22 x I7 x /\/llf2 in following way
(Y.¢, V) =0(U,v, W),
such that (Y, ¢, V) is a solution of simple RBSDE associated with a driver

9s1 = gs(As, Us, 1Ps) and ortogonale martingale part W. From Theorem 7 it follows that
mapping © is well defined.

. 1 1
> If we choose that 7 < min {E m}

= Vsll5z, +118s(2)15- + IWsHMgz < neP 1135113,
< 3Ly max{T? 10T (|| V5|3, + l1ds(2)l135)-

572

it follows that for a certain 7 it follows that © is a contraction on 572 x 77 x /Vng. *



Characterization of the value function as the solution of an RBSDE with

time change

> Goal is to connect the state process Y of the solution of RBSDE with time change
(solution of this RBSDE is triple (Y%, ¢¢(-), At)tepo, 7]) characterized with (YT, gt, £t)tefo, 7]
i.e.

Ye=Yr+ /tTgs(As, Ys, ¢s(z))ds — /tT/]R ¢s(z)u(ds, dz) +/tT dAs <+/tT dMs> ,

> with the state process X of the solution of BSDE with time changed Lévy (solution of this
BSDE is a pair (Xt, ¥t(-))tepo, 7] characterized with (X7, gt)tejo, 7] + 1€

Xe(X7, T) = X7—+/ gs(Xs, Xs, ¥s(2)) ds—/ /zps (z)u(ds, dz) < /tTdMS> .



Verification result for time changed Lévy under filtration G

Proposition 1. (Di Nunno, Sjursen, 2014) Comparison for BSDE with time change

Let (g(l), Xs_l)) and (9(2), X.(rz)) be two sets of standard parameters for the BSDEs with
solutions (X, p@)), (X@), () € S% x T9. Let us introduce following assumption.
(A1)
g§2)(>\,x, P, w) = fr (X, ¥(0)k¢(0)VAE, fRo ¥(2)ke(z)v(dz)VAH, w) where
k € T9 satisfies following condition

(c) there exists Kg > 0 such that 0 < k¢(z) < Kgz for z € Rg, and
|k:(0)] < Kg dt x dP — a.e.

f is a function f : [0, T] x R x Rx R x Q — R which satisfies, for some K¢ > 0,
|fe(x, b, h) — fe (X, B )| < Kr (|x = X | + |b— |+ |h = 1))
T 2
dt x dP a.e. and E [fo (0, 0,0)| dt] < co.
(A2) X < X P-as. and oY (s, X, V) < o (e, XV V) dt x dP-ace.,

then
X < x@  dt x dP - ace.



Theorem 9. Verification result under

Let T > 0 be the terminal time. Let (§¢,0 < t < T) be an RCLL process in 5% and let g is
a Lipschitz driver satisfying (H1) with a constant Lg, such that it also satisfies assumptions
from Proposition 1. Suppose that (Y%, ¢¢(-), At)icpo, 7] is the solution of the RBSDE with
time change. Then for each stopping time S € 7y, it follows that

Ys = ess supTeTSXs(gT, T) a.s.,

where T € Ts, X(&7, T) is the state process of the solution for the BSDE with time changed
Lévy associated with terminal time T,terminal condition &7, and driver g.

Line of the proof. “>"
m As As is nondecreasing process it follows that

g(Xs, v, ds) + dAs > g(Xs, v, ds).

m ForT € Ts, Yr > &; a.s.

= Ys > ess supTeTSXS(ET, T) a.s



wn
Step | Let € > 0. By definition of 7¢ and by right-continuity property of processes Yt and

&¢, it follows that YTg < 5T§ +¢€ a.s., so
Ys = Xs(&re, 75) < Xs(6rg +£,75) as.

Step Il Lemma 3. Let T >0, ¢, € 8%,i=1,2 and let 9s,i, I = 1,2 drivers, such that gs 1 is
a Lipschitz driver satisfying (H1) with a constant Ly, and B, n are such that 8 > 2L, + %

and n < L%%’ then for each t € [0, T] we have that a.s.
T
/ eﬁ5|gs,1(>\5v Xs,ly 1/}5,1) - 95,2(>\5v XS,21 ¢5,2)‘2ds‘gt
t

X1 —Xe2l S E [T 161 — &2|Ge ] +nE

le
= | Xs(&re +e,7TE) — Xs(ngng)\z < PT=9)¢2 55

Step Il From Step | and |l
Vs < Xs(&re + &, TE) < Xs(&rs. TE) + P =9)e? < ess sup e, Xs(ér, 7) + AT-5)¢? g5,

So for every € > 0 it follows that
Ys < esssup,c7. Xs(ér, 7) as.



Comparison result under G

Theorem 10. Comparison theorem under

Let &;,i = 1,2 be two RCLL obstacle processes in SY%. Let g;,i = 1,2 be such that they
satisfy assumption (H1) and let assumptions of Proposition 1 be satisfied. Furthermore,
suppose that for t € [0, T] following assumption holds:

(A3) €11 < €n, t €0, T] as., and ge1(N, v, @) < gro(N, y, @) for all X € [0, 0)?, y € R,
¢ €79, dt x dP-as. .

Let (Y{,@i(:),Al)reo,7] be a G-solution of RBSDE associated with triple
(Y% g, £’t)f’€[0ﬂ, i =1,2. Then we have that

Yi<vYv? telo,T] as.

Line of the proof. From comparison theorem for BSDE with time change Levy and
verification theorem

XL 1) S XZ(62.7) = Y} =esssup, o X} (€}, 7) < esssup, ., XZ(£2,7) = Y7 as.
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