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Basic settings: 𝐺-expectation space

Ω𝑇 = 𝐶0([0, 𝑇 ];R𝑑): all R𝑑-valued continuous functions on [0, 𝑇 ]

with 𝜔0 = 0.

Canonical process 𝐵𝑡(𝜔) := 𝜔𝑡, for 𝜔 ∈ Ω𝑇 and 𝑡 ∈ [0, 𝑇 ],

𝐿𝑖𝑝(Ω𝑡) := {𝜙(𝐵𝑡1 , 𝐵𝑡2 −𝐵𝑡1 , . . . , 𝐵𝑡𝑁 −𝐵𝑡𝑁−1) :

𝑁 ≥ 1, 𝑡1 < · · · < 𝑡𝑁 ≤ 𝑡, 𝜙 ∈ 𝐶𝑏.𝐿𝑖𝑝(R𝑑×𝑁 )}.
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𝐺 : S𝑑 → R is a monotonic and sublinear function iff

𝐺(𝐴) =
1

2
sup
𝛾∈Σ

tr[𝐴𝛾] for 𝐴 ∈ S𝑑,

where Σ ⊂ S+𝑑 is bounded.

Peng (2005) constructed the 𝐺-expectation Ê : 𝐿𝑖𝑝(Ω𝑇 ) → R and

the conditional 𝐺-expectation Ê𝑡 : 𝐿𝑖𝑝(Ω𝑇 ) → 𝐿𝑖𝑝(Ω𝑡).

For 𝑠1 ≤ 𝑠2 ≤ 𝑇 and 𝜙 ∈ 𝐶𝑏.𝐿𝑖𝑝(R𝑑), define

Ê[𝜙(𝐵𝑠2 −𝐵𝑠1)] = 𝑢(𝑠2 − 𝑠1, 0),

where 𝑢 is the viscosity solution of the following 𝐺-heat equation:

𝜕𝑡𝑢−𝐺(𝐷2
𝑥𝑢) = 0, 𝑢(0, 𝑥) = 𝜙(𝑥).

4 / 24



For 𝑋 = 𝜙𝑁 (𝐵𝑡1 , 𝐵𝑡2 −𝐵𝑡1 , . . . , 𝐵𝑡𝑁 −𝐵𝑡𝑁−1) ∈ 𝐿𝑖𝑝(Ω𝑇 ), define

Ê𝑡𝑖 [𝑋] = 𝜙𝑖(𝐵𝑡1 , . . . , 𝐵𝑡𝑖 −𝐵𝑡𝑖−1) and Ê[𝑋] = Ê[𝜙1(𝐵𝑡1)],

where

𝜙𝑖(𝑥1, . . . , 𝑥𝑖) := Ê[𝜙𝑖+1(𝑥1, . . . , 𝑥𝑖, 𝐵𝑡𝑖+1 −𝐵𝑡𝑖)].

𝐺-expectation space (Ω𝑇 , 𝐿𝑖𝑝(Ω𝑇 ), Ê, (Ê𝑡)𝑡∈[0,𝑇 ]) is a consistent

sublinear expectation space. The canonical process (𝐵𝑡)𝑡∈[0,𝑇 ] is

called the 𝐺-Brownian motion under 𝐺-expectation Ê.
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Representation theorem of 𝐺-expectation

Theorem (Denis-Hu-Peng (2011), Hu-Peng (2009))

There exists a unique weakly compact and convex set of probability

measures 𝒫 on (Ω𝑇 ,ℬ(Ω𝑇 )) such that

Ê[𝑋] = sup
𝑃∈𝒫

𝐸𝑃 [𝑋] for all 𝑋 ∈ 𝐿𝑖𝑝(Ω𝑇 ),

where ℬ(Ω𝑇 ) = 𝜎(𝐵𝑠 : 𝑠 ≤ 𝑇 ).
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Characterization of spaces

𝐿𝑝
𝐺(Ω𝑡) the completion of 𝐿𝑖𝑝(Ω𝑡) under the norm (Ê[|𝑋|𝑝])1/𝑝 for

𝑝 ≥ 1.

For 𝒫,

L𝑝(Ω𝑡) :=

{︂
𝑋 ∈ ℬ(Ω𝑡) : sup

𝑃∈𝒫
𝐸𝑃 [|𝑋|𝑝] < ∞

}︂
is a Banach space for 𝑝 ≥ 1.

The capacity associated to 𝒫 is defined by

𝑐(𝐴) := sup
𝑃∈𝒫

𝑃 (𝐴) for 𝐴 ∈ ℬ(Ω𝑇 ).

A set 𝐴 ∈ ℬ(Ω𝑇 ) is polar if 𝑐(𝐴) = 0. A property holds “quasi-surely”

(q.s. for short) if it holds outside a polar set. We do not distinguish

two random variables 𝑋 and 𝑌 if 𝑋 = 𝑌 q.s.
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Definition

𝑋 : Ω𝑇 → R is called quasi-continuous (q.c.) if for any 𝜀 > 0, there exists

a closed set 𝐹 such that 𝑐(𝐹 𝑐) < 𝜀 and 𝑋 is continuous on 𝐹 . We say

that 𝑋 : Ω𝑇 → R has a quasi-continuous version if there exists a

quasi-continuous function 𝑌 with 𝑋 = 𝑌 q.s.

Theorem

For 𝑝 ≥ 1,

𝐿𝑝
𝐺(Ω𝑡) = {𝑋 ∈ L𝑝(Ω𝑡) : lim

𝑛→∞
sup
𝑃∈𝒫

𝐸𝑃 [|𝑋|𝑝𝐼{|𝑋|>𝑛}] = 0,

𝑋 has a quasi-continuous version}.
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𝐺-BSDE

Spaces of solution

𝑀0
𝐺(0, 𝑇 ) = {𝜂𝑡(𝜔) =

∑︀𝑁−1
𝑗=0 𝜉𝑗(𝜔)𝐼[𝑡𝑗 ,𝑡𝑗+1)(𝑡) : 𝜉𝑖 ∈ 𝐿𝑖𝑝(Ω𝑡𝑖)}.

𝑀𝑝
𝐺(0, 𝑇 ): 𝑀0

𝐺(0, 𝑇 ) under ‖𝜂‖𝑀𝑝
𝐺

= {Ê[
∫︀ 𝑇
0 |𝜂𝑠|𝑝𝑑𝑠]}1/𝑝.

𝐻𝑝
𝐺(0, 𝑇 ): 𝑀0

𝐺(0, 𝑇 ) under ‖𝜂‖𝐻𝑝
𝐺

= {Ê[(
∫︀ 𝑇
0 |𝜂𝑠|2𝑑𝑠)𝑝/2]}1/𝑝.

𝑆0
𝐺(0, 𝑇 ) = {ℎ(𝑡, 𝐵𝑡1∧𝑡, · · ·, 𝐵𝑡𝑛∧𝑡) : ℎ ∈ 𝐶𝑏,𝐿𝑖𝑝(R𝑛+1)}.

𝑆𝑝
𝐺(0, 𝑇 ): 𝑆0

𝐺(0, 𝑇 ) under ‖𝜂‖𝑆𝑝
𝐺

= {Ê[sup𝑡∈[0,𝑇 ] |𝜂𝑡|𝑝]}
1
𝑝 .

Remark 𝐺 is non-degenerate, i.e., there exists a 𝜎2 > 0 such that

𝐺(𝐴) −𝐺(𝐵) ≥ 𝜎2tr[𝐴−𝐵] for any 𝐴 ≥ 𝐵.
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𝑌𝑡 = 𝜉 +

∫︁ 𝑇

𝑡
𝑓(𝑠, 𝑌𝑠, 𝑍𝑠)𝑑𝑠 +

∫︁ 𝑇

𝑡
𝑔𝑖𝑗(𝑠, 𝑌𝑠, 𝑍𝑠)𝑑⟨𝐵𝑖, 𝐵𝑗⟩𝑠

−
∫︁ 𝑇

𝑡
𝑍𝑠𝑑𝐵𝑠 − (𝐾𝑇 −𝐾𝑡)

(H1) 𝑓(·, ·, 𝑦, 𝑧), 𝑔𝑖𝑗(·, ·, 𝑦, 𝑧) ∈ 𝑀𝛽
𝐺(0, 𝑇 ) for some 𝛽 > 1.

(H2) There exists some 𝐿 > 0 such that

|𝑓(𝑡, 𝑦, 𝑧) − 𝑓(𝑡, 𝑦′, 𝑧′)| + |𝑔𝑖𝑗(𝑡, 𝑦, 𝑧) − 𝑔𝑖𝑗(𝑡, 𝑦
′, 𝑧′)|

≤ 𝐿(|𝑦 − 𝑦′| + |𝑧 − 𝑧′|).

Remark Soner-Touzi-Zhang (2012) studied a new type of fully nonlinear

BSDE, called 2BSDE, by different formulation and method, and obtained

the deep result of the existence and uniqueness theorem for 2BSDE.
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Existence and uniqueness theorem

Theorem (Hu-Ji-Peng-Song (2014))

Assume that 𝜉 ∈ 𝐿𝛽
𝐺(Ω𝑇 ) and 𝑓 , 𝑔𝑖𝑗 satisfy (H1) and (H2) for some

𝛽 > 1. Then 𝐺-BSDE has a unique solution (𝑌,𝑍,𝐾). Moreover,

𝑌 ∈ 𝑆𝛼
𝐺(0, 𝑇 ) and 𝑍 ∈ 𝐻𝛼

𝐺(0, 𝑇 ;R𝑑), 𝐾𝑇 ∈ 𝐿𝛼
𝐺(Ω𝑇 ) for any 1 < 𝛼 < 𝛽.
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Some useful estimates

Proposition

Assume that 𝜉𝑘 ∈ 𝐿𝛽
𝐺(Ω𝑇 ) and 𝑓𝑘, 𝑔𝑘𝑖𝑗 satisfy (H1) and (H2) for 𝛽 > 1,

𝑘 = 1, 2. The solution is denoted by (𝑌 𝑘, 𝑍𝑘,𝐾𝑘). Then there exists a

positive constant 𝐶 depending on 𝛼, 𝐺, 𝐿 and 𝑇 satisfying

|𝑌𝑡|𝛼 ≤ 𝐶Ê𝑡

[︃
|𝜉|𝛼 +

(︂∫︁ 𝑇

𝑡
(|𝑓(𝑠)| + |𝑔𝑖𝑗(𝑠)|)𝑑𝑠

)︂𝛼
]︃
,

where 𝑌𝑡 = 𝑌 1
𝑡 − 𝑌 2

𝑡 , 𝜉 = 𝜉1 − 𝜉1, 𝑓(𝑠) = 𝑓1(𝑠, 𝑌 2
𝑠 ) − 𝑓2(𝑠, 𝑌 2

𝑠 ),

𝑔𝑖𝑗(𝑠) = 𝑔1𝑖𝑗(𝑠, 𝑌
2
𝑠 , 𝑍

2
𝑠 ) − 𝑔2𝑖𝑗(𝑠, 𝑌

2
𝑠 , 𝑍

2
𝑠 ).
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Formulation of the control problem

Let 𝑡 ∈ [0, 𝑇 ], 𝜉 ∈ ∪𝜀>0𝐿
2+𝜀
𝐺 (Ω𝑡;R𝑛). Consider the following 𝐺-FBSDE:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑑𝑋𝑡,𝜉,𝑢
𝑠 = 𝑏(𝑠,𝑋𝑡,𝜉,𝑢

𝑠 , 𝑢𝑠)𝑑𝑠 + ℎ𝑖𝑗(𝑠,𝑋
𝑡,𝜉,𝑢
𝑠 , 𝑢𝑠)𝑑⟨𝐵𝑖, 𝐵𝑗⟩𝑠

+𝜎(𝑠,𝑋𝑡,𝜉,𝑢
𝑠 , 𝑢𝑠)𝑑𝐵𝑠,

𝑑𝑌 𝑡,𝜉,𝑢
𝑠 = −𝑓(𝑠,𝑋𝑡,𝜉,𝑢

𝑠 , 𝑌 𝑡,𝜉,𝑢
𝑠 , 𝑍𝑡,𝜉,𝑢

𝑠 , 𝑢𝑠)𝑑𝑠

−𝑔𝑖𝑗(𝑠,𝑋
𝑡,𝜉,𝑢
𝑠 , 𝑌 𝑡,𝜉,𝑢

𝑠 , 𝑍𝑡,𝜉,𝑢
𝑠 , 𝑢𝑠)𝑑⟨𝐵𝑖, 𝐵𝑗⟩𝑠

+𝑍𝑡,𝜉,𝑢
𝑠 𝑑𝐵𝑠 + 𝑑𝐾𝑡,𝜉,𝑢

𝑠 ,

𝑋𝑡,𝜉,𝑢
𝑡 = 𝜉, 𝑌 𝑡,𝜉,𝑢

𝑇 = Φ(𝑋𝑡,𝜉,𝑢
𝑇 ).
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𝑈 is a given compact set of R𝑚

𝒰 [𝑡, 𝑇 ] = 𝑀2(𝑡, 𝑇 ;𝑈) the set of all admissible controls 𝑢

𝑏, ℎ𝑖𝑗 , 𝜎, 𝑓, 𝑔𝑖𝑗 ,Φ are continuous in 𝑠 and Lipschitz in 𝑥, 𝑦, 𝑧, 𝑢

Define the value function

𝑉 (𝑡, 𝑥) := 𝑒𝑠𝑠 inf
𝑢∈𝒰 [𝑡,𝑇 ]

𝑌 𝑡,𝑥,𝑢
𝑡 for 𝑥 ∈ R𝑛.

Remark This control problem is a “infsup problem”, because

𝑌 𝑡,𝑥,𝑢
𝑡 = sup

𝑃∈𝒫
𝐸𝑃 [·] .
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Definition

The essential infimum of {𝑌 𝑡,𝑥,𝑢
𝑡 | 𝑢 ∈ 𝒰 [𝑡, 𝑇 ]} is a random variable

𝜁 ∈ 𝐿2
𝐺(Ω𝑡) satisfying:

(i) ∀𝑢 ∈ 𝒰 [𝑡, 𝑇 ], 𝜁 ≤ 𝑌 𝑡,𝑥,𝑢
𝑡 q.s.;

(ii) if 𝜂 is a random variable satisfying 𝜂 ≤ 𝑌 𝑡,𝑥,𝑢
𝑡 q.s. for any

𝑢 ∈ 𝒰 [𝑡, 𝑇 ], then 𝜁 ≥ 𝜂 q.s..

Similarly, define the essential infimum of {𝑌 𝑡,𝜉,𝑢
𝑡 | 𝑢 ∈ 𝒰 [𝑡, 𝑇 ]}.

Remark The essential infimum may not exist.
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Dynamic Programming Principle

Notation:

𝐿𝑖𝑝(Ω
𝑡
𝑠) := {𝜙(𝐵𝑡1 −𝐵𝑡, ..., 𝐵𝑡𝑛 −𝐵𝑡) : 𝑡1, ..., 𝑡𝑛 ∈ [𝑡, 𝑠]}

𝑀0,𝑡
𝐺 (𝑡, 𝑇 ) := {𝜂𝑠 =

∑︀𝑁−1
𝑖=0 𝜉𝑖𝐼[𝑡𝑖,𝑡𝑖+1)(𝑠) : 𝜉𝑖 ∈ 𝐿𝑖𝑝(Ω

𝑡
𝑡𝑖)}

𝑀2,𝑡
𝐺 (𝑡, 𝑇 ) := {completion of 𝑀0,𝑡

𝐺 (𝑡, 𝑇 ) under ‖ · ‖𝑀2
𝐺
}

𝒰 𝑡[𝑡, 𝑇 ] := {𝑢 ∈ 𝑀2,𝑡
𝐺 (𝑡, 𝑇 ;R𝑚) with values in 𝑈}

U[𝑡, 𝑇 ] := {𝑢 =
𝑛∑︀

𝑖=1
𝐼𝐴𝑖𝑢

𝑖 : 𝑢𝑖 ∈ 𝒰 𝑡[𝑡, 𝑇 ], 𝐼𝐴𝑖 ∈ 𝐿2
𝐺(Ω𝑡),Ω =

𝑛⋃︁
𝑖=1

𝐴𝑖}
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The value function is well defined

Lemma

Let 𝑢 ∈ 𝒰 [𝑡, 𝑇 ] be given. Then there exists a sequence (𝑢𝑘)𝑘≥1 in U[𝑡, 𝑇 ]

such that

lim
𝑘→∞

Ê
[︂∫︁ 𝑇

𝑡
|𝑢𝑠 − 𝑢𝑘𝑠 |2𝑑𝑠

]︂
= 0.

Based on this lemma, we obtain

Theorem

The value function 𝑉 (𝑡, 𝑥) exists and

𝑉 (𝑡, 𝑥) = inf
𝑢∈𝒰𝑡[𝑡,𝑇 ]

𝑌 𝑡,𝑥,𝑢
𝑡 .
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Properties of the value function

Proposition

There exists a constant 𝐶 > 0 such that

| 𝑉 (𝑡, 𝑥) − 𝑉 (𝑡, 𝑦) |≤ 𝐶 | 𝑥− 𝑦 | for any 𝑥, 𝑦 ∈ R𝑛,

| 𝑉 (𝑡, 𝑥) |≤ 𝐶(1+ | 𝑥 |) for any 𝑥 ∈ R𝑛.

Theorem

For any 𝜉 ∈ ∪𝜀>0𝐿
2+𝜀
𝐺 (Ω𝑡;R𝑛),

𝑉 (𝑡, 𝜉) = 𝑒𝑠𝑠 inf
𝑢∈𝒰 [𝑡,𝑇 ]

𝑌 𝑡,𝜉,𝑢
𝑡 .

18 / 24



Backward semigroup method (Peng 1997)

For 𝜂 ∈ ∪𝜀>0𝐿
2+𝜀
𝐺 (Ω𝑡+𝛿), define

G𝑡,𝑥,𝑢
𝑡,𝑡+𝛿[𝜂] := 𝑌 𝑡,𝑥,𝑢

𝑡 ,

where⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑑𝑋𝑡,𝑥,𝑢
𝑠 = 𝑏(𝑠,𝑋𝑡,𝑥,𝑢

𝑠 , 𝑢𝑠)𝑑𝑠 + ℎ𝑖𝑗(𝑠,𝑋
𝑡,𝑥,𝑢
𝑠 , 𝑢𝑠)𝑑⟨𝐵𝑖, 𝐵𝑗⟩𝑠

+𝜎(𝑠,𝑋𝑡,𝑥,𝑢
𝑠 , 𝑢𝑠)𝑑𝐵𝑠,

𝑑𝑌 𝑡,𝑥,𝑢
𝑠 = −𝑓(𝑠,𝑋𝑡,𝑥,𝑢

𝑠 , 𝑌 𝑡,𝑥,𝑢
𝑠 , 𝑍𝑡,𝑥,𝑢

𝑠 , 𝑢𝑠)𝑑𝑠

−𝑔𝑖𝑗(𝑠,𝑋
𝑡,𝑥,𝑢
𝑠 , 𝑌 𝑡,𝑥,𝑢

𝑠 , 𝑍𝑡,𝑥,𝑢
𝑠 , 𝑢𝑠)𝑑⟨𝐵𝑖, 𝐵𝑗⟩𝑠

+𝑍𝑡,𝑥,𝑢
𝑠 𝑑𝐵𝑠 + 𝑑𝐾̃𝑡,𝑥,𝑢

𝑠 ,

𝑋𝑡,𝑥,𝑢
𝑡 = 𝑥, 𝑌 𝑡,𝑥,𝑢

𝑡+𝛿 = 𝜂, 𝑠 ∈ [𝑡, 𝑡 + 𝛿].
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Dynamic Programming Principle

Theorem

For any 𝑡 < 𝑡 + 𝛿 ≤ 𝑇 , 𝑥 ∈ R𝑛, we have

𝑉 (𝑡, 𝑥) = ess inf
𝑢(·)∈𝒰 [𝑡,𝑡+𝛿]

G𝑡,𝑥,𝑢
𝑡,𝑡+𝛿[𝑉 (𝑡 + 𝛿,𝑋𝑡,𝑥,𝑢

𝑡+𝛿 )]

= inf
𝑢(·)∈𝒰𝑡[𝑡,𝑡+𝛿]

G𝑡,𝑥,𝑢
𝑡,𝑡+𝛿[𝑉 (𝑡 + 𝛿,𝑋𝑡,𝑥,𝑢

𝑡+𝛿 )].
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Key point of proof

For each give 𝑢(·) ∈ 𝒰 [𝑡, 𝑡 + 𝛿], the idea is to find

𝑢̃(·) ∈ 𝒰 [𝑡 + 𝛿, 𝑇 ]such that

𝑌
𝑡+𝛿,𝑋𝑡,𝑥,𝑢

𝑡+𝛿 ,𝑢̃

𝑡+𝛿 ≈ 𝑉 (𝑡 + 𝛿,𝑋𝑡,𝑥,𝑢
𝑡+𝛿 ).

Usual method: 𝐴𝑖 = [𝑥𝑖, 𝑥𝑖+1), 𝑖 ≤ 𝑘, is a partition of R𝑛, choose

𝑢̃(·) =

𝑘∑︁
𝑖=1

𝐼{𝑋𝑡,𝑥,𝑢
𝑡+𝛿 ∈𝐴𝑖}𝑢̄𝑖(·),

where

𝑌 𝑡+𝛿,𝑥𝑖,𝑢̄𝑖

𝑡+𝛿 ≈ 𝑉 (𝑡 + 𝛿, 𝑥𝑖).

Difficulty: 𝐼{𝑋𝑡,𝑥,𝑢
𝑡+𝛿 ∈𝐴𝑖} may not in 𝐿1

𝐺, then 𝑢̃ may not in 𝒰 [𝑡 + 𝛿, 𝑇 ].

For example:

𝐼{⟨𝐵⟩𝛿∈𝐴𝑖} ̸∈ 𝐿1
𝐺.
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Our Method

Implied partition method: find 𝑌 such that 𝐼{𝑋𝑡,𝑥,𝑢
𝑡+𝛿 +𝑌 ∈𝐴𝑖},

𝐼{𝑌 ∈𝐴𝑗} ∈ 𝐿1
𝐺, using

𝑢̃(·) =

𝑘∑︁
𝑖,𝑗=1

𝐼{𝑋𝑡,𝑥,𝑢
𝑠 +𝑌 ∈𝐴𝑖}∩{𝑌 ∈𝐴𝑗}𝑢̄𝑖𝑗(·),

where

𝑌
𝑡+𝛿,𝑥𝑖−𝑥𝑗 ,𝑢̄𝑖𝑗

𝑡+𝛿 ≈ 𝑉 (𝑡 + 𝛿, 𝑥𝑖 − 𝑥𝑗).

Recently, Hu-Ji-Li (2022) obtained that, for any 𝜉 ∈ 𝐿2
𝐺(Ω𝑡+𝛿), there

exists a sequence 𝜉𝑘 =
∑︀𝑁𝑘

𝑖=1 𝑥
𝑘
𝑖 𝐼𝐴𝑘

𝑖
, 𝑘 ≥ 1, such that

lim
𝑘→∞

Ê
[︀
|𝜉 − 𝜉𝑘|2

]︀
= 0,

where 𝑥𝑘𝑖 ∈ R, 𝐼𝐴𝑘
𝑖
∈ 𝐿2

𝐺(Ω𝑡+𝛿).
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Hamilton-Jacobi-Bellman equation

Theorem

𝑉 is the unique viscosity solution of the following HJB equation:⎧⎨⎩ 𝜕𝑡𝑉 + inf
𝑢∈𝑈

𝐻(𝑡, 𝑥, 𝑉, 𝜕𝑥𝑉, 𝜕
2
𝑥𝑥𝑉, 𝑢) = 0

𝑉 (𝑇, 𝑥) = Φ(𝑥), 𝑥 ∈ R𝑛

where

𝐻(𝑡, 𝑥, 𝑣, 𝑝, 𝐴, 𝑢) = 𝐺(𝐹 ) + ⟨𝑝, 𝑏(𝑡, 𝑥, 𝑢)⟩ + 𝑓(𝑡, 𝑥, 𝑣, 𝜎𝑇 (𝑡, 𝑥, 𝑢)𝑝, 𝑢),

𝐹𝑖𝑗(𝑡, 𝑥, 𝑣, 𝑝, 𝐴, 𝑢) = (𝜎𝑇 (𝑡, 𝑥, 𝑢)𝐴𝜎(𝑡, 𝑥, 𝑢))𝑖𝑗 + 2⟨𝑝, ℎ𝑖𝑗(𝑡, 𝑥, 𝑢)⟩
+2𝑔𝑖𝑗(𝑡, 𝑥, 𝑣, 𝜎

𝑇 (𝑡, 𝑥, 𝑢)𝑝, 𝑢).
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Thank you!
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