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Basic settings: (G-expectation space

e Q7 = Co([0, T]; R?): all R¥-valued continuous functions on [0, T’]
with wy = 0.
@ Canonical process B;(w) := wy, for w € Qp and ¢ € [0, 77,

sz(Qt) = {SO(Bthh - Btp s 7BtN - BtN—l) :
N>1Lt1 < - <ty < t,p € Cb.Lip(RdXN)}.
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e (G :S; — R is a monotonic and sublinear function iff

G(A) = ;sg tr[An] for A € Sq,
il

where ¥ C Sz is bounded.

@ Peng (2005) constructed the G-expectation | : Lip(Q7) — R and
the conditional G-expectation E; : Lip(Qr) — Lip().

@ Fors; <sos <Tandype C’b_Lip(Rd), define
IAE[‘:D(BSQ - le)] = U(SQ — 81, 0)7
where u is the viscosity solution of the following G-heat equation:

Ou — G(D?*u) =0, u(0,z) = p(z).
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e For X = ¢on(By,, Bty — Bty ..., Bty — Biy_,) € Lip(Qr), define

Ey,[X] = @i(By,, ..., B, = By,_,) and E[X] = E[p1(By,)],

where
ei(z1,.. . m) = Elpi1 (a1, ..., 24, By, — By,))-

e (-expectation space (Qr, Lip(QT),IEl, (IAEt)te[o7T}) is a consistent
sublinear expectation space. The canonical process (B;).c(o,1] is

called the G-Brownian motion under G-expectation E.
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Representation theorem of (G-expectation

Theorem (Denis-Hu-Peng (2011), Hu-Peng (2009))
There exists a unique weakly compact and convex set of probability

measures P on (1, B(27)) such that

A

EX] = Isjléng[X] for all X € Lip(Qr),

where B(Qr) = o0(Bs: s <T).
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Characterization of spaces

o L,(€) the completion of Lip(£);) under the norm (E[|X|P])/? for
p=>1
e For P,

LP () = {X € B() : Isglg)DEpHX\p] < oo}

is a Banach space for p > 1.
@ The capacity associated to P is defined by
c(A) := sup P(A) for A € B(Qr).
pPep
A set A € B(Qdr) is polar if ¢c(A) = 0. A property holds “quasi-surely”
(g.s. for short) if it holds outside a polar set. We do not distinguish
two random variables X and Y if X =Y q.s.
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Definition
X : Qp — R is called quasi-continuous (q.c.) if for any € > 0, there exists

a closed set F' such that ¢(F¢) < ¢ and X is continuous on F'. We say

that X : Q7 — R has a quasi-continuous version if there exists a

quasi-continuous function Y with X =Y q.s.

Forp > 1,

Lg(Q) = {X € LP(Q) Jim sup Ep{| XLy xj>n)] =

X has a quasi-continuous version}.
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G-BSDE

Spaces of solution

ME(0,T) = {m(w) = X750 & (@) ey ;) (1) : & € Lip(,) }-
o ME(0,T): ME(0,T) under |[n]ym = {BLfy [ns[7ds]}/7.
o HY(0,T): ME(0,T) under |l g, = {E[(fy |ns|?ds)?/2|}V/7.

Sg(O,T) = {h(t, Btll\ta tey Btn/\t) :h S Cb’LZ‘p(Rn-i_l)}.
A 1
® S¢(0,T): Sg(0,T) under |[n]lsr, = {Elsupse(ory n:["]} -
Remark G is non-degenerate, i.e., there exists a g2 > 0 such that

G(A) — G(B) > g?tr[A — B] for any A > B.
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T T
Yt=£+/ f(SaYSaZs)dS—l—/ 9ij(8,Ys, Zs)d(B"', B
t t
T
—/ ZsdBg — (KT—Kt)
t

(Hl) f(v '7yaz)7gij('7'ay7 Z) € Mg(ovT) for some ﬁ > 1.

(H2) There exists some L > 0 such that

|f(t7y7 Z) - f(tvylv Z/)| + |gl](t>y7 Z) - gij(tvylv Z/)|
< L(ly = y'| +12 = 2)).

Remark Soner-Touzi-Zhang (2012) studied a new type of fully nonlinear
BSDE, called 2BSDE, by different formulation and method, and obtained

the deep result of the existence and uniqueness theorem for 2BSDE.
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Existence and uniqueness theorem

Theorem (Hu-Ji-Peng-Song (2014))

Assume that £ € Lg(QT) and f, g;; satisfy (H1) and (H2) for some
B > 1. Then G-BSDE has a unique solution (Y, Z, K). Moreover,
Y € S&(0,T) and Z € H&(0,T;R?), Ky € L&(Qr) for any 1 < a < B.
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Some useful estimates

Proposition
Assume that ¥ € LZ(Qr) and f*, g¥; satisfy (H1) and (H2) for 8 > 1,
k =1, 2. The solution is denoted by (Y*, Z* K¥). Then there exists a

positive constant C' depending on «, GG, L and T satisfying

«

g
Vi|* < CE, |§|a+</t (|f(5)|+|§ij(5)|)d5> ,

where YV, = V' —= Y2, £ = ¢ — &1, f(s) = (5, Y2) — f3(5,Y2),
9ij(s) = 9;(s, Y3, Z3) — 03,(s, Y2, Z2).
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Formulation of the control problem

Let t € [0, 7], € € Ue>oL5 ™ (%; R™). Consider the following G-FBSDE:

([ aXESt = (s, X0 ug)ds + hij(s, XESU ug)d(BY, Bi),
+o(s, X", ug)dBs,
AYSS" = — f(s, XPOU YO 205 ug)ds
—gij(s, XLO YO 288 ) d(BY, BIY,
+ 7584 B, +dK§f“,
X4 = € YRR = o(XEY).
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e U is a given compact set of R™
o U[t, T] = M?(t,T;U) the set of all admissible controls u

@ b, h;j,o, f,gij, ® are continuous in s and Lipschitz in z,y, z,u

Define the value function

V(t,z) = essinf Y""" for z € R™.
weU[t,T]

Remark This control problem is a “infsup problem”, because

Y = sup Ep[].
Pep
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Definition

The essential infimum of {Y;""" | u € U[t,T]} is a random variable
¢ € L%() satisfying:

() Yu e U[t,T], ¢ <YV qss.;

(ii) if 77 is a random variable satisfying p < Y;"™" q.s. for any

u € U[t,T], then { >n q.s..

Similarly, define the essential infimum of {Y;"*" | u € U[t,T]}.

Remark The essential infimum may not exist.
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Dynamic Programming Principle

Notation:
4] sz( ) = {(,O(Btl By, ...,Btn — Bt) 21, .ty € [t,S]}
o Mg'(t,T) = {ns = 10" €illts i) (5) : & € Lip(%,)}
° Mé’t(t,T) := {completion of Mg’t(t,T) under || - ||Mg,}
o U, T):={ue Mz’t(t T;R™) with values in U}

oU[tT]_{u_zIAu ut € UMt T), 1a, € LE(%), Q2 = UA}
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The value function is well defined

Let u € U[t, T be given. Then there exists a sequence (u*)g>1 in U[t, T]

T
lim E [/ lus — u’§|2ds] = 0.
k—o00 t

such that

Based on this lemma, we obtain

The value function V (t, ) exists and

V(t,z)= inf Y ™
(t,2) ueitltl[t,T] ¢

17/24



Properties of the value function

There exists a constant C' > 0 such that
| V(t,z) = V(ty) |<Clxz—y| forany z,y € R",

| V(t,z) |< C(1+ |z |) for any z € R".

Theorem
For any € € Ueso L3 (2 R™),

| A\

V(t,€) = essinf V5"
(t,6) CrerG
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Backward semigroup method (Peng 1997)

For n € U5>0Lé+5(9t+5), define

where

\

t
dXL™" =

ot
dYS »T,U —

t’z7u —
X, =

t’ k) Pp— \ t7 k)
Gt;-i,-ué[n] T }/;5 ‘ ua

b(s, X2 ug)ds + hij(s, X0™" ug)d(B, B,
+U(s,Xﬁ’gc’“?us)st7

—f(s, XgW U YU Z0™ ug)ds

—gij(s, XEW YT ZV5Y ug)d(BY, BY)s
+Z¢%"dB, + dK™,

z, V5" =0, s € [t,t+4].
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Dynamic Programming Principle

Foranyt<t+d <T, z € R", we have

. t,x,u t,x,u
Vit,2) = u(.ng%?tEré]Gt’t+5[V(t 0. X5l

. t,x,u t,x,u

20/24



Key point of proof

e For each give u(-) € U[t,t + J], the idea is to find
a(-) € U[t + 9, T]such that

t+6, X550 g

NNVt + 6, XM,

Y, t+6

t+46
@ Usual method: A; = [z, 241), @ < k, is a partition of R™, choose
k
i() = > Tixtzmeayil):
i=1

where

Y;T—(sé,xi,ﬂi ~ V(t +4, xl)
. . . . 1 ~ .

e Difficulty: I{Xff(;’“eAi} may not in L, then @ may not in U[t + §,T].

For example:
Iyp)seay & L
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Our Method

@ Implied partition method: find Y such that I{Xt,ac,u+Y€A.},
t+6 i

Ityeay € L, using

k
ﬁ() = Z I{X;'I’u-FYGAi}ﬂ{YEAj}aij(')7
Q=1
where
0, =z,
}/tt:;;:a: Tjslij V(t—i—é,azi _~Tj)'

o Recently, Hu-Ji-Li (2022) obtained that, for any £ € LZ(:5), there
exists a sequence §j, = EZ i zIAk k > 1, such that

leH;oE [1€ — &I*] =

where 2¥ € R, T4 € LE(Qys)-
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Hamilton-Jacobi-Bellman equation

V' is the unique viscosity solution of the following HJB equation:

oV + irellf}H(t, x,V,0,V,0%2,V,u) =0
V(T,z)=®(z), xR

where

H(t,z,v,p,A,u) = G(F)+ (p,b(t,z,u)) + f(t,x,v,oT(t,:I;,u)p, u),

F,‘j(t,x,v,p,A,u) = (O-T(tux7u)Ao-(taxau))ij + 2<p7 hij(tyxau»
(

+2gi(t, z,v,0" (t,z,u)p, u).

23/24



Thank you!



