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Central Limit Theorem

Let ¢ > 0, P,(RY) = {prob. meas. n on R? s.t. [., [x|‘n(dx) < oo},
and U : P;(RY) — R be the linear functional defined by

Ue) = [ etou(e).

where ¢ : RY — R is a measurable s.t. sup,ge 1'+|§(|Z|/2 < o0.
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Central Limit Theorem

Let ¢ > 0, P,(RY) = {prob. meas. n on R? s.t. [., [x|‘n(dx) < oo},
and U : P,(RY) — R be the linear functional defined by

Ue) = [ etou(e).

where o : RY — R is a measurable s.t. supycgs 1500 < oc.

Let mM = 1 5"V 5. where (¢;)i>1 are i.i.d. according to my € Py(RY).
We have

VNU(mN) = U(mg)) = ( Zso Gi) — Elp(G )])
{9, N (0, Var(p(¢h))) as N — oc.
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Linear functional derivative

Notion first introduced by Cardaliaguet, Delarue, Lasry, Lions and
used in the literature on mean-field games.

Definition
Let ¢ > 0. A functional U : P,(RY) — R admits a linear functional
derivative at ,u € P,(RY) if there exists a measurable function

RY > y — Y (1. y) such that sup,cga |22 (1, )| /(1 + |y|?) < oo and

v € Pu(RS), e|i>nc;+ € g Om

Up+e(v—p) - Up) _ 5U(u y) (v—p)(dy).

o
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Linear functional derivative

Notion first introduced by Cardaliaguet, Delarue, Lasry, Lions and
used in the literature on mean-field games.

Definition

Let £ > 0. A functional U : P,(R%) — R admits a linear functional
derivative at M € P,(RY) if there exists a measurable function

R? 5 y s $2(u, y) such that sup,cga |0 (1. ¥)| /(1 + |yI¥) < o0 and

U(p+e(v — ) — U(p) oU

v € Py(RY), lim — [ () (v-n)(dy).

e—0+ £ RY om

v

Forp:RY — R measurable such that sup,cpe 1« o, the linear

T+[x]¢

functional U(p) = [+ »(x)p(dx) admits a linear functional derivative

ateach p € Pg(Rd) given by 3% (. y) = o(y).
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Related integral calculus

Lemma

Let £ >0, m,m" € P,(R?), and suppose that the linear functional
derivative of a functional U : P,(RY) — R exists on the segment
(ms := sm’ + (1 — 8)M)sco,1) and that

sup
(s,y)€[0,1]xR?

U :
S| (141419 < o6
Then

u(m') - U // 2 (me, y)(m — m)(dy) .

:
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Generalization of the CLT to nonlinear functionals
Forie{1,--- N} and s € [0, 1], write

. N—(i—-1)—s 1 s
mi = —m0+N;5Q+N5¢,.

N
Using m)"" = m"~", one has the telescoping sum
N N .
U(mM) = U(mo) = U(mi™) — u(mfl') = >~ (u(ml*) - u(mi!))
i=1

6.—m
_Z/ O/Rd S (m}, %(dx)ds.
S

Note that my" = m{""~" = X=4=Dmy 4 L 5~71 6, is indep. from (.
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Generalization of the CLT to nonlinear functionals U

martingale increment

N 1L U, ni
VR(U) = Ulmo)) = —= >~ [ Sl x0(6 - mo)(ab) +Ay
i=1 /RY

N 1
_ 1 U ni oy U i B
Ry = \/N,.;/s:o /Rd <5m v x) = 5 (om} ,x))(éc, mo)(ax)ds

Tv(ml m <3

Find assumptions on U ensuring that
@ by the Central Limit Theorem for martingales and using
sup Wg(m’sv’i, my) — 0,
1<i<N,s€[0,1] N—o0
the first term converges in law to A1 (0, Var(24(mo, (1)),
@ the remainder Ry vanishes as N — co.
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Remarks

@ For linear functionals U(u) = [ps ©(X)p(dx), Y (11, x) = p(x) and
Var(2Z(mo, (1)) = Var (¢(¢h)).
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Remarks
@ For linear functionals U(u) = [gq o(X)p(dx), $2(u, X) = ¢(x) and
Var(§7(mo. (1)) = Var (¢ (41))
@ To prove the CLT, our decomposition requires less regularity on
U than the one previously considered by Delarue, Lacker,

Ramanan EJP 19 (see also Szpruch and Tse AAP 21) to prove
that supycn N2E[(U(mN) — U(mg))*] < oo :

independent increments

U(mM) — U(mo) NZ /R (1m0, X)(3, — mo)(cx)

1 U i sU
N Z L L (om0 = Sam. )~ moaas

TV(mY mo)< st
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Theorem
Let£ >0, mp € PR and mN = L SN 8¢, with (¢/)is1 i.i.d. ~ my.
Suppose that there exists r > 0 such that

@ U admits a linear functional derivative on the ball By, (mo, r),

© 3C < o0, (1, X) € Bw,(mo,r) x RY, [$Z(u, x)| < C (1 + |x|*/?)

@ Ja € (1/2,1], 3C < o0, Y1, 2 € Bw,(mo, r),

Vx € RY, [$2(u2, X) — 2 (11, X)| < C(1 + [x|*) TV (uz, 1),
su _ U

o SUpXERd 5m(ﬂilx-)_‘X|Ern/£m0’X)‘

Then the following convergence in distribution holds :

converges to 0 when Wy(u, mg) — 0.

W(U(mN) - U(mo)) 4, N(o,Var@%(mo,g))).
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Wasserstein distances
@ For ¢ > 0, we endow P,(RY) with the Wasserstein distance :

1/0vA1
for MV € PZ(Rd)J WZ(H’? V) = ( inf / |.y - X|£7T(dX7 dy))
RI xR

TEP(u,v)
where P(u,v) = {r € Py(R??) : VA € B(RY), 7(A x RY) = 1(A)
and 7(R? x A) = v(A)}
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L Generalization to nonlinear functionals

Wasserstein distances
@ For ¢ > 0, we endow P,(RY) with the Wasserstein distance :

1/0v1
for i, € Pu(RY), we(u,u)z( o[ |y—x|f7r(dx,dy>)
RI xRA

TEP(p,v)
where P(u,v) = {r € Py(R??) : VA € B(RY), 7(A x RY) = 1(A)
and 7(RY x A) = v(A)}
@ We endow P(RY) with
Wo(.v) = _inf [ (= xIAT)m(x.dy).
RYI xR

TEP(1,v)

which metricizes the weak convergence topology.
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Wasserstein distances
@ For ¢ > 0, we endow P,(RY) with the Wasserstein distance :

1/6v1
for o € PR, Wil = (int [y = xi'n(aeap)
g NZ %

where P(u,v) = {r € Py(R??) : VA € B(RY), 7(A x RY) = 1(A)
and 7(R? x A) = v(A)}

@ We endow P(RY) with

Woluv) = inf / (Iy — x| A 1) w(dx, dy).
RY x Rd

TeP(u,v)
which metricizes the weak convergence topology.
@ When my is discrete, for Dy(pz, p11) == [ga(1 + |y[*) 12 — pa|(dy),
SUP1<j<N,se[0,1] Dg(ms ,mo) N:; 0, and we may replace W, by
the stronger metric D, in the hypotheses.
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Related results in the statistical literature
@ Boos Serfling Ann. Stat 80 dimension d = 1, existence of a
Gateaux differential of U at mg linear in the measure such that

N
U(m")~U(rme) > dU(mo, 5 ~mo) = o ([[(m" — mo)((~o, D))
i=1

(almost amounts to Fréchet diff. at mp w.r.t. Kolmogorov dist.).
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Related results in the statistical literature
@ Boos Serfling Ann. Stat 80 dimension d = 1, existence of a
Gateaux differential of U at mg linear in the measure such that

N
y

U(mN)*U(mo)*N Z dU(mo, b, —mo) = 0 (H(mN — mo)((—oo, '])Hoo)
i=1

(almost amounts to Fréchet diff. at mp w.r.t. Kolmogorov dist.).

@ Dudley 90 : "Gateaux derivative considered too weak"
Existence of a class F of measurable functions s.t.
o Fréchet differentiability at mo with respect to

= mol = s | [ 1)1~ me)(a)

@ a CLT for empirical measures holds with respect to uniform
convergence over F.
— balance needed.
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Related results in the statistical literature
@ Boos Serfling Ann. Stat 80 dimension d = 1, existence of a
Gateaux differential of U at mg linear in the measure such that

u(m")—U(mo) fdeU mo, 6¢,—mo) = o (|| (mN — mo)((—o0, 1))
i=1
(almost amounts to Fréchet diff. at mp w.r.t. Kolmogorov dist.).
@ Dudley 90 : "Gateaux derivative considered too weak"
Existence of a class F of measurable functions s.t.
o Fréchet differentiability at mo with respect to

[ 1090 mo)(a)|

@ a CLT for empirical measures holds with respect to uniform
convergence over F.

— balance needed.
Integral calculus related to the (Gateaux) linear functional derivative
— versatile tool permitting to go beyond the i.i.d. case (Flenghi J. 22)

Benjamin Jourdain (Ecole des Ponts)  June 29 2022 11717

[l — mo|| = sup
feF



Central limit theorems over nonlinear functions of measures
Generalization to nonlinear functionals

L o
Fluctuations of interacting particle systems Fluctuations of interacting particle systems

Ecole des Ponts
ParidTech

© Fluctuations of interacting particle systems

; ;
Benjamin Jourdain (Ecole des Ponts) ~ June 29 2022 12/17




Generalization to nonlinear functionals

Central limit theorems over nonlinear functions of measures %
Fluctuations of interacting particle systems

L Fluctuations of interacting particle systems

Interacting particle system

YN =Gt o b(YeN, iy ds + [y o(YEN, ulyaWl, 1 <i< N, t>0,
N
/J',SV = lNz:i:1 5Y;vN7
where
@ b:R? x Pp(RY) — RY, o : RY x Pp(RY) — RI*" Lipschitz,
° (W",g‘,-),-21 i.i.d. with W' a d’-dimensional Brownian motion
independent from the R%-valued initial random vector ¢; ~ my.
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Interacting particle system

YN =Gt o b(YeN, iy ds + [y o(YEN, ulyaWl, 1 <i< N, t>0,
N

/J“,SV = lNZ:[:1 5Y;'1N7
where

@ b:R? x Pp(RY) — RY, o : RY x Pp(RY) — RI*" Lipschitz,

° (W",C,-),-21 i.i.d. with W' a d’-dimensional Brownian motion

independent from the R%-valued initial random vector ¢; ~ my.

Mean-field limit as N — oo : SDE nonlinear in the sense of McKean

Xe =+ [y (X, p) ds + [y 0(Xs, ) dWs,  £20,
pe® = Law(Xs),

with W d’-dimensional Brownian motion L { ~ mp.

:
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Interacting particle system

VM =Gt [N ) ds+ [io(YaN ) Wi 1<i< N, t>o0,
N

pe = iy Oyin,
where

@ b:R? x Pp(RY) — RY, o : RY x Pp(RY) — RI*" Lipschitz,

o (W', ¢)i>1 ii.d. with W' a d’-dimensional Brownian motion

independent from the R%-valued initial random vector ¢; ~ my.

Mean-field limit as N — oo : SDE nonlinear in the sense of McKean

Xe=C+ fyb(Xe p2)ds + fyo(Xe, ) dWs, 120,
e = Law(Xs),
with W d’-dimensional Brownian motion L { ~ myp.

Question : for ® : P,(RY) — R a nonlinear functional, limiting
behaviour of the fluctuations process

(VN[O(u]) — (15°)] )07
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Regularity class
Definition
A function f : R x P»(RY) — R belongs to class My (R? x P2(R?)), if
the derivatives DU f(x, u, y1, . .., ¥n) exist for every multi-index
(j, n, B) such that |(j, n, 8)| < k and satisfy
VX,}/17~ 00 7Yn € Rd7 V/j, € PZ(Rd)u |D(j’n”8)f(xaﬂ7y17' < a,Vn)| S C
and Vx',yi,...,yh e R, vu' € Po(RY),

D(j’n’ﬁ)f()“/’[w Wilgaao ,Yn) - D(]',n,ﬁ)f(x/,ul,y4’ o ’yr’7)

n
< C(|x—x’| S -yt Wz(u,m)

i=1

The n derivatives w.r.t. i are taken in the Lions sense

ou
DO Of(x, ) = By, < (X, 1, 11).
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Master equation
Let V: R, x Pp(RY) — R defined by

(L, £(9)) = &(L(X))

where, for § a square integrable R%valued initial random vector 1. W,

t t
xﬁ:o+/ b(xg,c(xg))ds+/ o(X¢,L(X2)dws, t>0.
0 0
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L Fluctuations of interacting particle systems

Master equation
Let V: R, x Pp(RY) — R defined by

(L, £(9)) = &(L(X))

where, for § a square integrable R%valued initial random vector 1. W,
t
X9—0+/ b( X ds+/ o(X8,L(X?)) W, t>0.
0

Buckdahn, Li, Peng, Rainer AP 17 — if & € M(P2(R?)),
b, o € Ma(RY x Po(RY)), then V satisfies the master equation :

{8512 = Jpo [0uV(8,1)(%) - b(x, ) + 3T (040, V (s, ) (x)a(x, 1)) ] p(0x)
V(0, 1) = ®(p),

where a(x, u) := o(x, p)o(x, p)*.
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fluctuations of the initial emp. meas.

VN[o(ut) = 0(u)| = VN(V(t, m") = V(t, m))

N t

1 . ; ;

—> /0 3,V (t — s,y (YEM Yo (YEN, ubyawi = 1Y
i=1

t 1 . .

O(N-1/2)
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Benjamin Jourdain (Ecole des Ponts) ~ June 29 2022 16/17




Generalization to nonlinear functionals

Central limit theorems over nonlinear functions of measures %
Fluctuations of interacting particle systems

L Fluctuations of interacting particle systems

fluctuations of the initial emp. meas.

VN[o(ut) = 0(u)| = VN(V(t, m") = V(t, m))

\/_Z/ 3,V (t — s,y (YEM Yo (YEN, ubyawi = 1Y

iy lwz“( (Vi 2BV (E - 5. (Vi ¥

O(N-1/2)

ds.

N ot
1 ) )
~n 2 [ 0wV (e= s ) (VMY o, (e~ s, ) (ViM)as

N—>oo/ Rda V*( S, Hs )(y)a(y, ﬂgo)v(t_ S?/Lgo)(y)ﬂgo(dy)ds
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Theorem

Suppose my € P12(RY), & € M5(P2(RY)), b,o € Ms(R? x Pp(RY))
and uniformly bounded. Then, in C(R,,R), the fluctuations process

(VN[®(u) — o(15°)] )0

converges weakly to a centered Gaussian process L with covariance

0% 0%
Cov(L, Ly) = COV<5—m(fa mg, &1), 577(“, mo, &1 ))

AU
[ ] 0= s)W)aly. V(= s i (o).
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