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General setting

o A stochastic basis (2, F, P, (Ft)c[p «)) Satisfying usual conditions,
B = (Bt)t>0 a d-dimensional Brownian motion adapted to (F)¢>0.

@ Main equation:

GLP(Q) n GRdXd eRd

t — [ ——
~=~
Xe = "Xxo +Z/0 l{g(s)eA,-}Ui(57XS>PXs)dBS+/O b(S,XS,PXS)dS,
i=1

g(t) =E|X; - z||”,

moment function

where
» neN (or n=00) and p > 2,
» z € R? is a fixed reference point,
» (A;)"_;, pairwise disjoint Borel sets on [0, 00) such that
U;’:l Ai = [07 OO)'
> o;(t,x, ), b(t,x, ) jointly measurable, Lipschitz continuous in (x, i),
satisfy the linear growth condition, uniformly in ¢.
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We discuss the following topics:
@ Example of an equation with multiple solutions
@ Uniqueness when the drift is strong enough

@ Non-existence of a global solution
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Example

t t
Xe=1+ /0 He(s)#1+2ydBs + /0 0 Lig(s)=1+a}dBs

g(t) =FE |Xf|2 ’

where

@ a > 0 a fixed constant.

Solutions:
° th =14+ Bipat+ (Btv(a+w) - Ba—l—w)y w > 0,
1+t t < a, T
gw(t) =<1+ a, tela,a+w], °
t—(1+a) t>a+ w. N

@ X; := 1+ B; also a solution.

- g(t) =1+t
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Observation 1

Let Y = (Yt)t>0 be the unique strong solution to the equation

t

t
Yt = Xp -I—/ 0'1(5, YS;PYS)dBS -I-/ b(S, YS,PYS)dS.
0 0

Let h(t) :=E|Y; — z||P and pu:= Ao h=1. Then for any N € B([0, >0))
with ;1(N) = 0 the process Y also solves the equation

@ s
Xe =x0 + / b(S, Xs,sz)dS + / 1{g(s)€[0,oo)\N}Ul(sv Xs, sz)st
0 0

t
+ / 1{g(5)EN}02(sa Xs; PXS)dBS,
0

g(t) =E X —z||”.
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@ Assume that A; = [yj_1,y;), where 0 =: yp < y1 < ... < ¥ 1= 0.

Theorem 2

Assume that the drift is strong, that is, (x — z, b(t, x, u)) > 0 for all
(t,x, 1) € [0,00) x RY x P,(RY), and the inequality is strict whenever
x # z. Then there exists a unique global strong solution to the equation

n t t

Xe = x0 + Z/ 1{g(5)€[y;_1,y;)}0i(57XS7]P)Xs)dBS +/ b(S,Xs,PXS)dS,
=170 v

g(t) =E|X: - z||”,

when p > 2 and P(xp # z) > 0.

Question
What if (x — z, b(t, x, )) < 0 for some (t, x, u)?
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Question
What if (x — z, b(t, x, u)) < 0 for some (t, x, u1)? }

Assume that z =0 and d = 1.

t t
Xt = X0 —|—/0 [1{g(s)<y} Cgl (S) + 1{g(s)2y} CUZ(S)] XsdBs — /0 Cb(S)XSdS,
g(t) =E[X:[",

(2)
where y > 0 and C,,, Cp : [0,00) — [0, 00) are continuous and bounded.
Theorem 3
Assume that P(xg # 0) > 0 and

inf P21 (62— Go(8)] >0, sup |[P=2C,(6)2 = Co(8)] < 0.
>0 2 7 "ol 207

Then (2) has no global solution.

v
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Idea of the proof

Assumption

Pl 5 p—1 2 _
;gg[ —1c,) cb(t)}o, i;ﬁ[ L2 - Gole)] <0

o If a solution exists, then

t
p—1
8(0) = EboPed (o [ 257 (a0 Co (8 + L) Gl
=&(0)

- Gols)] s

@ Show that there is a local solution on [0, r] such that g(r) =y (if
g(0) =y, then r =0!) .
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Assumption

inf p—_lcgl(t)2 - Cb(t)} >0, sup [p—_l

2_
inf | = up |5 Co, (1) Cp(t)| <0

o Take any t; > r.

o Assume that g(t1) > y.

@ g continuous = there is a ty € [r, t1) such that g(ty) = y and
g(t) >y for t € (to, t1).

@ Then for any t € (to, t1]:

y < g(t) = g(0) exp ( /0 ° ..ds) exp <p /t t [";1 C, ()2 — Cb(s)} ds) <y

=g(to)=y <0

= Contradiction = cannot hold that g(t;) > y.
e g(t1) <y similarly.
@ Remaining: g(t) =y forall t € [r, t1].
e Conclusion: no solution on [0, r + §] for any 6 > 0.
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Thank you for your attention!
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