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L Gradient representation and maximum principle

Formulation of the control problem

FitzHugh-Nagumo network of N neurons

State at time t of each neuron i, described by (Baladron, Fasoli, Faugeras [1]):
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L Gradient representation and maximum principle

Formulation of the control problem

FitzHugh-Nagumo network of N neurons

State at time t of each neuron i, described by (Baladron, Fasoli, Faugeras [1]):

local dynamics

. CO(ViR '
dvtl — (th _ ( :;) — Wlf —&-Oct)dt'f‘Uextthl
1

1 N ; ; N . S
-5 ijl(vg — Veeu)yidt — ijl(v; — Viev)yldB]

= —EMN[h(XT,X))dt+B(X1,X))dBI] ,uy=empirical dist.
dw! = (Vi +a— bw)dt ,
dyl = (arS(VH)(1 — yi) — agyi)dt, for i=1,...,N,
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L Gradient representation and maximum principle

Formulation of the control problem

FitzHugh-Nagumo network of N neurons

State at time t of each neuron i, described by (Baladron, Fasoli, Faugeras [1]):

local dynamics

. . vi3 . .
dv) = (vg _ ?*)) —wi +Oét)dt+aextdel
1 N i i 1 N i j i
-5 ijl(vt — Veeu)yidt — ijl(vt — Viev)yldB]

= —EMN[h(XT,X))dt+B(X1,X))dBI] ,uy=empirical dist.
dw! = (Vi +a— bw)dt ,
dyl = (arS(VH)(1 — yi) — agyi)dt, for i=1,...,N,

m V' membrane potential of neuron i

m y' fraction of open channels (synaptic channels).

m B, W' i.i.d. Brownian motions;

m Viev Synaptic reversal potential;

m S(V) = concentration of transmitter released into synaptic cleft;
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L Gradient representation and maximum principle

L Formulation of the control problem
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L Gradient representation and maximum principle

Formulation of the control problem

Abstract formulation

Propagation of chaos (Bossy, Talay, Faugeras [2]) leads to the controlled mean-field
equation of the form

dX = b(t, Xt7 L(Xt), Oét)dt + O'(t, Xt7 L(Xt), Oét)th,
with convex level set constraint w(X;) < 0, V¢,

(1)

where
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Abstract formulation

Propagation of chaos (Bossy, Talay, Faugeras [2]) leads to the controlled mean-field
equation of the form
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where

m X = (v, we, yt);
m W is a Brownian Motion;
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Propagation of chaos (Bossy, Talay, Faugeras [2]) leads to the controlled mean-field
equation of the form

dX = b(t, Xt7 L(Xt), Oét)dt + O'(t, Xt7 L(Xt), Oét)th,

with convex level set constraint w(X;) < 0, V¢,

(1)

where
m X = (v, we, yt);
m W is a Brownian Motion;

m 7R3 =R, (v,w,y)— y(y — 1), in particular (X¢) < 0 is coherent with the
intuition that y; is a fraction of open channels;
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Formulation of the control problem

Abstract formulation

Propagation of chaos (Bossy, Talay, Faugeras [2]) leads to the controlled mean-field
equation of the form

dX = b(t, Xt7 L(Xt), Oét)dt + O'(t, Xt7 L(Xt), Oét)th,

with convex level set constraint w(X;) < 0, V¢,

(1)

where
m X = (v, we, yt);
m W is a Brownian Motion;
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B o is a deterministic control, e.g. modelling external current.
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L Gradient representation and maximum principle

Formulation of the control problem

Abstract formulation

Propagation of chaos (Bossy, Talay, Faugeras [2]) leads to the controlled mean-field
equation of the form

dX = b(t, Xt7 L(Xt), Oét)dt + O'(t, Xt7 L(Xt), Oét)th,

with convex level set constraint w(X;) < 0, V¢,

(1)

where
m X = (v, we, yt);
m W is a Brownian Motion;

m 7R3 =R, (v,w,y)— y(y — 1), in particular (X¢) < 0 is coherent with the
intuition that y; is a fraction of open channels;

B o is a deterministic control, e.g. modelling external current.

Goal: Minimize the cost functional
T
sy = B[ [ fe X 0. an)de + 80 LX), (2)

where o € A := {a : [0, T] — A}, for A C R¥ bounded and convex.
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Particular example: We consider the following control problem (SM)

)
min J(a) ;:EUO F(t, XO, £(XX), ae)dt | 3)

where
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'local field potential (LFP)’
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L Formulation of the control problem

Example

Particular example: We consider the following control problem (SM)

)
min J(a) = E U F(t, XO, £(XX), ae)dt |
@ 0

where

®3)

f(t,x, p, o) == c1|/ vu(dv X dw X dy) —Vt|2 + colx1 — V¢ 2
R3

'local field potential (LFP)’

subject to X = (vt, we, yt) satisfying

one-sided Lipschitz

dvy = (Vt - @ — Wt +Oét)dt+0'extth
—E(J(Vt — Vie)yt) dt
locally Lipschitz
dw: = c(ve +a — bw)dt
dy: = (arS(ve)(1 — yt) — agy:)dt.
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L Gradient representation and maximum principle

Formulation of the control problem

Example

Particular example: We consider the following control problem (SM)
T
min J(a) = E U F(t, XO, £(XX), ae)dt | 3)
< 0

where
f(t,x, p, o) == c1|/ vu(dv X dw X dy) —Vt|2 + colx1 — V¢ 2
R3

'local field potential (LFP)’
subject to X = (vt, we, yt) satisfying

one-sided Lipschitz

3
dvy = (Vt* % *Wt+06t)dt+o'extdwt

—E(J(Vt — Viey)yr) dt (4)
locally Lipschitz
dw; = c(vt + a — bwt)dt
dy: = (arS(ve)(1 — yt) — agy:)dt.

The convex constraint ensures existence of a unique solution to (4).
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L Gradient representation and maximum principle

Formulation of the control problem

Abstract setting

Let C := 7~ 1((—00,0]).

Assumptions:
1] 7T)<(X) . b(t,X, Ky O‘) <0
B Im (o(t,x, 1, @)) C m(x)*-
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Formulation of the control problem

Abstract setting

Let C := 7~ 1((—00,0]).

Assumptions:
| 7x(x) - b(t,x,p,a) <0
B Im (o(t, x, p, @) C mx(x)*
B T (x) - (oot(t, x, p, a)) =0,
for all u € P(RY),a € A, t € [0, T] and x € RY\ C.

Alexander Vogler June 30 2022, Annecy 8/ 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Gradient representation and maximum principle

Formulation of the control problem

Abstract setting

Let C := 7~ 1((—00,0]).

Assumptions:
| 7x(x) - b(t,x,p,a) <0
B Im (o(t, x, p, @) C mx(x)*
B T (x) - (oot(t, x, p, a)) =0,
for all u € P(RY),a € A, t € [0, T] and x € RY\ C.

= we can ensure that
P [r(XM") <ovie [0, T]] =1,
for any p € C([0, T], P§), where X*:# is the solution to

dX = b(t’,)(t7 Mty Oét)dt + O’(t’,)(t7 Mty Oét)th.
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L Gradient representation and maximum principle

Formulation of the control problem

Abstract setting

Let C := 7~ 1((—00,0]).

Assumptions:
| 7x(x) - b(t,x,p,a) <0
B Im (o(t, x, p, @) C mx(x)*
B T (x) - (oot(t, x, p, a)) =0,
for all u € P(RY),a € A, t € [0, T] and x € RY\ C.

= we can ensure that
P [r(XM") <ovie [0, T]] =1,
for any p € C([0, T], P§), where X*:# is the solution to
dX = b(t, X, pe, e )dt + o(t, Xe, e, ) dW.

~ this ensures existence of a unique solution to (4), if the coefficients b, o are
assumed to be Lipschitz continuous in x on C.

~ abstract setting for dynamical systems modeling fractions/concentrations
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Gradient representation for the cost functional

Gateaux derivative of the cost functional

The Gateaux derivative of the cost functional in direction [ is given by
aBJ(a) =E [ﬁ((tzxta 'C(Xt)z af) ° Zta’B + fa(ta Xt: ﬁ(Xf)v at) : Bt]
+ B [B [, Xe, £0X), a0)(Xe) - 28]

+E g (Xr, £(Xr) - 277 4+ B [ (X, £OX)(Kr) - 23]

Alexander Vogler June 30 2022, Annecy 9 /26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Gradient representation and maximum principle

Gradient representation for the cost functional

Gateaux derivative of the cost functional

The Gateaux derivative of the cost functional in direction [ is given by
DJ(0) = B [£(t, Xe, £(Xe), 00) - Z87 + fa(t, Xe, £(X0), a¢) - Bt
+ B [B [, Xe, £0X), a0)(Xe) - 28]
+E [g(Xr, £(X7)) - 237 + E [gu(Xr, LX) (X7) - 277 ]
where Z%:8 is the unique solution to

dZi= {bx(t, Xe, L(Xt), 0t) Zt + ba(t, Xe, L(Xe), t) Bt + Bpu(t, Xe, L(X¢, Zt)) }dt
+{0x(t7 Xe, L:(Xt)v O‘t)zt + Ua(t’ Xt, E(Xt)ﬂ at)ﬁt + th(ta X, ‘C(Xtﬂ Zt))}th
Zo=0,
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Zo=0,

for
Buu(t, x, 1) i= // byu(, x, £(Xe), e )(R)Fu(dX x dF),
RY x R4

0t 1) = //RdXRd ot %, £(Xe), a) (R)Fu(dS x dF).
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Adjoint equation and duality

In order to derive a gradient representation for the cost functional, we consider the
adjoint equation for Z%:5:
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Gradient representation for the cost functional

Adjoint equation and duality

In order to derive a gradient representation for the cost functional, we consider the
adjoint equation for Z%:5:

Let (P, Q) be the solution to:

dP; = — (bx(f,xt,l:(xt),at)Pt + ox(t, Xe, L(Xt), ) - Qt

A X LX), o) + B [Bu(t, Xe, £(X0), ae) (X)Pr] "
5
+ B[, Xe, £(X2), at)(%)]) dt — QedW;

Pr = g(XF, LX) + B g (Xe, LX) (%),
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L Gradient representation and maximum principle

Gradient representation for the cost functional

Adjoint equation and duality

In order to derive a gradient representation for the cost functional, we consider the
adjoint equation for Z%:5:

Let (P, Q) be the solution to:

dP; = — (bx(f,xt,l:(xt),at)Pt + ox(t, Xe, L(Xt), ) - Qt

A X LX), o) + B [Bu(t, Xe, £(X0), ae) (X)Pr] "
5
+ B[, Xe, £(X2), at)(%)]) dt — QedW;

Pr = g(XF, LX) + B g (Xe, LX) (%),

i.e. (P, Q) solves the equation (5) and is adapted to the given filtration (F¢):co, 7).
which is generated by (Xt):cpo,7]-
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Duality

Then the following duality holds true:
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L Gradient representation and maximum principle

Gradient representation for the cost functional

Duality

Then the following duality holds true:
T ~ ~ ~
E {PT L ZB +/ Fo(t, Xe, £L(Xe), ax) - 287 +E [f“(t,Xt,[,(Xt),at)(Xt) : Z;WH dt
0

T
=E |:/ Pt - bo(t, Xe, L(Xt), o) Bt + Qt - 0a(t, X, (Xt), Oét)ﬁtdt:|
0
(6)

Alexander Vogler June 30 2022, Annecy 11 / 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Gradient representation and maximum principle

Gradient representation for the cost functional

Duality

Then the following duality holds true:
T ~ ~ ~
E {PT L ZB +/ Fo(t, Xe, £L(Xe), ax) - 287 +E [f“(t,Xt,[,(Xt),at)(Xt) : Z;*’ﬁH dt
0

T
=E |:/ Pt - bo(t, Xe, L(Xt), o) Bt + Qt - 0a(t, X, (Xt), Oét)ﬁtdt:|
0
(6)

= Gradient representation of the cost functional:

T
aﬁJ(O[) = /0 E[Pf . ba(t, X,_?‘,[,(X{"),at)] Bt +E[Qf . O'a(t,Xt,,c(Xt),Oét)] IBtdt

+ E [fa(t, Xt, l.‘,()(t)7 at)] Btdt

T
/E[Ha(r,xt,z:(xt),m,Qt,at)mtdt
0

T
: /0 VJ(0)(£)Bedt,

(7)
where H(t,x, p, p,q,a) := b(t,x, u,a) - p+ o(t, x, p, ) - g+ f(t, x, u, a) denotes the
Hamiltonian.
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Maximum principle

Maximum principle

In particular, if the Hamiltonian H is convex in o we can obtain the following
maximum principle:
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L Gradient representation and maximum principle

Maximum principle

Maximum principle

In particular, if the Hamiltonian H is convex in o we can obtain the following
maximum principle:

Let @ € A be a minimizer of J as in (2) and (P, Q) the solution to the corresponding
adjoint equation (5), then it holds for Lebesgue-almost every t € [0, T]

E[H(t, Xt, L(X¢), Pt, Qr, ar)] < E[H(t, X¢, L(Xt), Pt, Qe, &)],

for every a € A.
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L Gradient representation and maximum principle

Maximum principle

Maximum principle

In particular, if the Hamiltonian H is convex in o we can obtain the following
maximum principle:

Let @ € A be a minimizer of J as in (2) and (P, Q) the solution to the corresponding
adjoint equation (5), then it holds for Lebesgue-almost every t € [0, T]

E[H(t, Xt, L(Xt), Pt, Qt,ar)] < E[H(t, Xt, L(Xt), Pt, @, )],
for every a € A.

Since we consider deterministic controls, the maximum principle is formulated in terms
of the expectation and does not hold dt ® P-almost everywhere.
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Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation
(5) numerically
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Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation
(5) numerically

However:
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L Gradient representation and maximum principle

Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation
(5) numerically

However: The duality
T ~ ~ ~
E {PT L Z3B +/ Bty Xe, £(Xe), ax) - 287 +E [f“(t,Xt,L(Xt),at)(Xt) : ZfﬁH dt
0

-
) {/0 Pt - bo(t, Xt, L(Xt), at)Be + Qr - oa(t, X, (Xt),at)ﬁtdt:| )

holds true for any 'non-adapted solution’ to (5), as long as o does not depend on
X, L(X) and o
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Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation
(5) numerically

However: The duality
T ~ ~ ~
E {PT L Z3B +/ Bty Xe, £(Xe), ax) - 287 +E [f“(t,Xt,L(Xt),at)(Xt) : ZfﬁH dt
0

-
) {/0 Pt - bo(t, Xt, L(Xt), at)Be + Qr - oa(t, X, (Xt),at)ﬁtdt:| )

holds true for any 'non-adapted solution’ to (5), as long as o does not depend on
X, L(X) and a ~ In this case the duality can be proven pathwise.
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L Gradient representation and maximum principle

Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation

(5) numerically
However: The duality

T ~ ~ ~
E {PT L Z3B +/ Bty Xe, £(Xe), ax) - 287 +E [f“(t,Xt,L(Xt),at)(Xt) : ZfﬁH dt
0

-
) {/0 Pt - bo(t, Xt, L(Xt), at)Be + Qr - oa(t, X, (Xt),at)ﬁtdt:| )

holds true for any 'non-adapted solution’ to (5), as long as o does not depend on
X, L(X) and a ~ In this case the duality can be proven pathwise.

~ls it necessary to compute the adapted solution of (5) to determine the gradient?

Alexander Vogler June 30 2022, Annecy 13 / 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Gradient representation and maximum principle

Analysis of the adjoint equation

Duality

Problem: It is difficult to approximate the adapted solution to the adjoint equation
(5) numerically

However: The duality
T ~ ~ ~
E {PT L Z3B +/ Bty Xe, £(Xe), ax) - 287 +E [f“(t,Xt,L(Xt),at)(Xt) : ZfﬁH dt
0

T
=K |:/0 P - ba(t, Xt:/:(XtLO&)Bt + Q¢ - a'a(t,Xt, (Xt),at)ﬁtdt:| .

holds true for any 'non-adapted solution’ to (5), as long as o does not depend on
X, L(X) and a ~ In this case the duality can be proven pathwise.

~ls it necessary to compute the adapted solution of (5) to determine the gradient?

In the case of additive noise, any 'non-adapted solution’ leads to the same gradient as
the adapted solution, however in the general case this is no longer true.
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Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

Example: Minimize J(a) = E [ ;" [X¢ 2 dt| subject to

dX? = {ar + pXO} dt + o X2 dWs,  Xo = 1. (8)
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Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

Example: Minimize J(a) = E [ ;" [X¢ 2 dt| subject to

dXf ={ar + pXdt + o XFdWe, Xo =1. (8)
The BSDE reduces to

dP: = — {uPt + oQ: + 2X2} dt — Q:dW;, Py =0. (9)
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L Gradient representation and maximum principle

Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

Example: Minimize J(a) = E [foT |X{"|2dt] subject to
dX? = {ar + pXO} dt + o X2 dWs,  Xo = 1. (8)
The BSDE reduces to
dP: = — {uP: + o Q: + 2X} dt — Q:dWs, Pr =0. (9)
The (non-unique) 'Non-adapted solution’ (P, Q), where @ =0 and
T
P = 2e*f“/t e" Xl ds
leads to the following approximation of the gradient for o = 0:
VI@)(1) = E [ba(t, X, LX), 00) P

.
=2E [e"“/ e“sXs"‘ds]
¢

OCEO lefut(e%u,'l' _ eZ,ut)
m
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Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

The unique adapted solution to the linear BSDE (5) is given by
2 T 52
P, = 2E {ef(“*T)t*f’Wr/ e(“*T)”f’stgdsm}
t

02
Qt = —oPt + e_(”_T)t_GW‘ﬂm

where 7 results from the martingale representation theorem for the martingale

T 52
M; := —2E [/ e(“*T)s*"WsXsadsU:t} )
0
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L Gradient representation and maximum principle

Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

The unique adapted solution to the linear BSDE (5) is given by

Py

2 T 2
2E [efw%)wvvr / ew%)swwsxgdsm}
t

02
Qt = —oPt + e_(”_T)t_GW‘ﬂm

where 7 results from the martingale representation theorem for the martingale
T 52
M; := —2E [/ e(“*T)s*"WsXsadsU:t} )
0

Thus
VJ(a)(t) = E[ba(t, X7, LX), at) Pt]

2R {e*(#*T)f*UWr / e(H*T)S+UW5Xs(¥dS:|
t

2 _ 2 2
—_ e ut(ezuTeo T_eZHtea t)

o2 +2u
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L Gradient representation and maximum principle

Analysis of the adjoint equation

Adapted vs. 'non-adapted solutions’

The unique adapted solution to the linear BSDE (5) is given by
0'2 T Cf2
P: = 2F {ef(H*T)t*JWr/ e(H*T)HUstgdsu-}}
t
52
Qe = —oPy + e =T Wey
where 7 results from the martingale representation theorem for the martingale
T 52
M; := —2E [/ e(“*T)s*"WsXsadsU:t} )
0

Thus
VI(a)(t) = E[ba(t, X7, LX), ar) Pr]
52 T 52
— 2E {e*(#*T)f*UWr/ e(H*T)S+UW5Xs(¥dS:|
t

2 _ 2 2
—_ e ut(ezuTeo T_eZHtea t)

o2 +2u

Coincides with VJ() only if & = 0.
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Plan

B Numerical approximation of the optimal control problem

m Approximation of the gradient
m Gradient decent approximation of the optimal control

m Numerical examples
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Approximation of the gradient

Approximation of the adjoint equation

How to approximate the adapted solution to (5)?
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L Numerical approximation of the optimal control problem

Approximation of the gradient

Approximation of the adjoint equation

How to approximate the adapted solution to (5)?

In general we consider the MFFBSDE of the following type:

dXe = b(t, Xe, L(Xe))dt + o(t, Xe, L(Xt))dW,

dP: = [f(t, X¢, Pt) + h(t, Xe, L(Xt, Pt))] dt — QedWe
Xo=¢

Pr = g(X7).

(10)
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L Numerical approximation of the optimal control problem

Approximation of the gradient

Approximation of the adjoint equation

How to approximate the adapted solution to (5)?

In general we consider the MFFBSDE of the following type:

dXe = b(t, Xe, L(Xe))dt + o(t, Xe, L(Xt))dW,

dP: = [f(t, X¢, Pt) + h(t, Xe, L(Xt, Pt))] dt — QedWe
Xo=¢

Pr = g(X7).

(10)

Backward Euler-scheme:
P =B (P,,173) = (tuss — 00 { M6 X0 P) 4 W, XL LK P |

QZZ = (tkp1 — tk)ilE (PtT;:(Wfkn - Wfk)|]:fk) )
Py, =8(Xf), Qi =0,

foragivengridm: 0=ty <t1 <..<ty=T.
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Approximation of the gradient

Approximation of the adjoint equation

There exists u : [0, T] x R x P»(R) — R? (decoupling filed)
(Carmona, Delarue [3]), such that

P: = u(t, X¢, L(Xt)).
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Approximation of the adjoint equation

There exists u : [0, T] x R x P»(R) — R? (decoupling filed)
(Carmona, Delarue [3]), such that

Pr = u(t, Xt, L(Xt)).
Thus

PZZ+1 = u(tky1, tk+17£( tk+1)) =: ﬁ(tk+17Xt7kr+1)
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Approximation of the gradient

Approximation of the adjoint equation

There exists u : [0, T] x R x P»(R) — R? (decoupling filed)
(Carmona, Delarue [3]), such that

Pr = u(t, Xt, L(Xt)).
Thus
PZZ+1 = u(tky1, tk+17£( tk+1)) =: ﬁ(tk+17Xt7Z+1)

This leads to the following representation of the conditional expectation in terms of a
function i by

E (PEoalFo ) = (tii1, X5).
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L Numerical approximation of the optimal control problem

Approximation of the gradient

Approximation of the adjoint equation

There exists u : [0, T] x R x P»(R) — R? (decoupling filed)
(Carmona, Delarue [3]), such that

Pr = u(t, Xt, L(Xt)).
Thus
PZZ+1 = u(tky1, tk+17£( tk+1)) =: ﬁ(tk+17Xt7Z+1)

This leads to the following representation of the conditional expectation in terms of a
function i by

E (PEoalFo ) = (tii1, X5).

Approximate {(ty+1,-) with gaussian radial basis functions, by solving the following
minimization problem for fixed nodes xi, ..., x;:

L
I ARTEVZ TS
minE <|Pt7£+1 - Zai(tkﬂ)e” X6 =l |2> ;
[e%
i=1

for o = (a1 (txs1), - ar(tasr1))t, where § > 0 and L € N are fixed.
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Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:

Alexander Vogler June 30 2022, Annecy 19 / 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:

| solve the state equation to determine X“n;

Alexander Vogler June 30 2022, Annecy 19 / 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:
| solve the state equation to determine X“n;
A approximate the gradient of the cost functional
~ 1N mk 1 5N k Ok
VJ((’Y")(t) ~ N Zk:l H(’(t7 Xt& s N Zk:l 5Xt“nvk7 Pt ) Qt ) an(t))v te [07 T]1
where (P, Q1),...,(PN, QN) are N samples of the solution to the adjoint
equation;
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Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:

| solve the state equation to determine X“n;
A approximate the gradient of the cost functional
nk
VJ((’Y")(t) ~ % ZI’:’:I H(’(t7 Xt& ) ﬁ ZQ’:I 5Xt“nvk7 Pi{<7 Qf’ a”(t))v te [07 T]1

where (P, Q1),...,(PN, QN) are N samples of the solution to the adjoint
equation;

B update control according to any1 := an — sVJ(an);
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B update control according to any1 := an — sVJ(an);
Problem:

Alexander Vogler June 30 2022, Annecy 19 / 26



Optimal control of mean field equations with monotone coefficients and applications in neuroscience

L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:

| solve the state equation to determine X“n;
A approximate the gradient of the cost functional
nk
VJ((’Y")(t) ~ % ZI’:’:I H(’(t7 Xt& ) ﬁ ZQ’:I 5Xt“nvk7 Pi{<7 Qf’ a”(t))v te [07 T]1

where (P, Q1),...,(PN, QN) are N samples of the solution to the adjoint
equation;

B update control according to any1 := an — sVJ(an);
Problem:

In many situations, the membrane potential v becomes highly sensitive to small
perturbations of the control at specific times.
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L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Gradient decent algorithm

To approximate the optimal control, we fix an initial control aig and proceed according
to the following gradient decent algorithm:

| solve the state equation to determine X“n;
A approximate the gradient of the cost functional
VJ(an)(t) ® § iy Ha(t, X § 3000 S yan ks PE, QF an(D), £ €[0, T),
where (P, Q1),...,(PN, QN) are N samples of the solution to the adjoint
equation;
B update control according to any1 := an — sVJ(an);
Problem:

In many situations, the membrane potential v becomes highly sensitive to small
perturbations of the control at specific times.

This sensitivity can lead to high fluctuations of the sample mean for the corresponding
adjoint equation
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L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

High sensitivity of the membrane potential

Example Consider the control problem (SM) for J = gext = c1 = 0 and
a=0.7,b=0.8,c = 0.08, where for the approximation of the optimal control, the
initial control ag is chosen close to the bifurcation value for the supercritical
Hopf-bifurcation point of equation (4).

MWV -
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L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

High sensitivity of the membrane potential

Example Consider the control problem (SM) for J = gext = c1 = 0 and
a=0.7,b=0.8,c = 0.08, where for the approximation of the optimal control, the
initial control ag is chosen close to the bifurcation value for the supercritical
Hopf-bifurcation point of equation (4).

MWV -

Figure: Membrane potential Figure: Reference profile ¥ Figure: Solution P;*® to the
of the solution to the state  generated by solving the corresponding adjoint
equation at agp = 0.315 state equation for « = 0.33  equation
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L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Fluctuations of the adjoint samples

Example Consider the control problem (SM) for J =c1 =1, = 0,0ex = 0.08 and
a=0.7,b=0.8,c=0.08.
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L Numerical approximation of the optimal control problem

Gradient decent approximation of the optimal control

Fluctuations of the adjoint samples

Example Consider the control problem (SM) for J =c1 =1, = 0,0ex = 0.08 and
a=0.7,b=0.8,c=0.08.

Figure: E [V;], where Figure: Reference profile Figure: Samples of the
Xe = (Vi, we, yt) is the ve = E[V4], where solution to the adjoint
solution to (4) for g =0 Xe = (Vi, we, yt) is the equation for g

solution to (4) for
a(t) =08, ft<7
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L Numerical approximation of the optimal control problem

Numerical examples

Parameter setting for the optimal control problem

Parameter setting of the control problem: a = 0.7, b = 0.8, c = 0.08,
gext = 0.08,J = 0.46.
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Numerical examples

Parameter setting for the optimal control problem

Parameter setting of the control problem: a = 0.7, b = 0.8, c = 0.08,
Gext = 0.08, J = 0.46.
m Initial states are uniformly distributed on the limit cycle of (4) for gext = 0,0 =0
m Slow gating variable by decreased closing rate ay of the synaptic gates
m ~~ activity of a large number of neurons in the network can lead to further
activity at later times without external input
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Numerical examples

Parameter setting for the optimal control problem

Parameter setting of the control problem: a = 0.7, b = 0.8, c = 0.08,
Gext = 0.08, J = 0.46.
m Initial states are uniformly distributed on the limit cycle of (4) for gext = 0,0 =0
m Slow gating variable by decreased closing rate ay of the synaptic gates
m ~~ activity of a large number of neurons in the network can lead to further
activity at later times without external input
Example
m Controlling the local field potential E [V;] of an uncontrolled network of coupled
FitzHugh-Nagumo neurons into a reference profile which is chosen to be the local
field potential of an excited network
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L Numerical approximation of the optimal control problem

Numerical examples

Parameter setting for the optimal control problem

Parameter setting of the control problem: a = 0.7, b = 0.8, c = 0.08,
gext = 0.08,J = 0.46.

m Initial states are uniformly distributed on the limit cycle of (4) for gext = 0,0 =0
m Slow gating variable by decreased closing rate ay of the synaptic gates

m ~~ activity of a large number of neurons in the network can lead to further
activity at later times without external input

Example
m Controlling the local field potential E [V;] of an uncontrolled network of coupled
FitzHugh-Nagumo neurons into a reference profile which is chosen to be the local
field potential of an excited network
m Controlling the local field potential E [V;] of a uncontrolled network of uncoupled
FitzHugh-Nagumo neurons into the same reference profile
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L Numerical approximation of the optimal control problem

Numerical examples

Example

Figure: Uncontrolled local Figure: Uncontrolled local Figure: Reference profile
field potential J = 0.46 field potential J =0

Figure: Optimal control Figure: Optimal control Figure: Local field potential
J =0.46 J=0 with optimal control
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L outlook

Feedback control

Consider controls of the form

ar = t Xt Zal(t 25 [ Xe—x; ( t)”z _ h(o’Zt’Xt)’

where G = (G1(t), .., @(t), h: RL x RY — RY, h(a, x) = YL, dye 25 X0l

By defining B
b(t7 Xt, ‘C(Xf)v &f) = b(tv X, ‘C(Xf)v h(&tv Xf))
&(tv Xt, L(Xf)v &f) = O—(tv X, ‘C(Xf)v h(&ﬁ Xf))
f(tz X, ‘C(Xt)v df) = f(tz X, ‘C(Xt)r h(dtv Xt))

we can solve the new optimal control problem with coefficients b, &, f for deterministic
controls to get an approximation of the optimal feedback function ¢.
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