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Motivation

Financial market :

m W= (W), 1) @ d-dim. Brownian motion defined on (2, (F¢):epo, 77, P)-

m Riskless asset SO := (SS)tE[O,T]
dSP = SPrdt.
m Riskly assets S := (5¢)iecpo,7]

dS; = S{(ajdt + odW,), i=1,---,p(p<d).
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Motivation

Investment strategy : (r =0)

(x,(Z:):) with associated wealth process (X;%); defined as

P t i P t .
X ::x+2/ z;"SS,“ :x+Z/ Z\(ohdW, + aldu), te]o,T].
i=1 70 u i=1 70
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~» Superhedging the American option with payoff ¢ :

Price of £ := Yo(¢) :=inf{x > 0,3Z;X* > ¢, Vre T}
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P t i P t .
X ::x+2/ z;"SS,“ :x+Z/ Z\(ohdW, + aldu), te]o,T].
i=1 /0 u i=1 70

~» Superhedging the American option with payoff ¢ :

Price of £ := Yo(¢) :=inf{x > 0,3Z;X* > ¢, Vre T}

t t
YZ = x —/ g(s, Zs)ds +/ ZdW;, t € [0, T|
0 0

YZ > &, VreT P—as.
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Motivation

Investment strategy : (r =0)

(x,(Z:):) with associated wealth process (X;%); defined as

P t i P t .
X ::x+2/ z;"SS,“ :x+Z/ Z\(ohdW, + aldu), te]o,T].
i=1 /0 u i=1 70

~» Superhedging the American option with payoff ¢ :

Price of £ := Yo(¢) :=inf{x > 0,3Z;X* > ¢, Vre T}

t t
YZ = x —/ g(s, Zs)ds+/ ZdW;, t € [0, T|
0 0
YZ > &, VreT P—as.

Superhedging price is too high.
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Motivation

In practice, one replaces the too stringent condition
Xf‘zsz VreT P-—as.
by a condition of the form

E[((X2? =€) >m, me(0,1].
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Motivation

In practice, one replaces the too stringent condition

Xf‘zsz VreT P-—as.

by a condition of the form

E[¢(X2% — &) >m, me(0,1].
Price of € 1= Yo() := inf{x > 0, 3Z ;E[((X}** — &;)] > m}.
Y i=x— /tg(s, Z,)ds + /t ZdWs, t € [0, T], E[U(X? —&)]>m, me(0,1]
0 0

B /(x) = Lo ~ XZ > &, at least with probability m.

m In financial terms, this is the so-called quantile hedging problem.
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BSDE with weak constraints

Definition (BSDE with weak constraints)

A pair of predictable processes (Y, Z) (€ Sz x Ha) is a supersolution of the BSDE with
generator g : Q x [0, T] x R x R? — R and weak reflections (v, u, 7) if, for any

0<t<s<T,

S

Y, > Ys+/ g(u, Yu,Zu)du—/ Z,dW, (1)
t t

E-[¥(0, Yo)] > p, forall 6 > 7. (2)

m Due to the weak constraints, we do not expect uniqueness of the solution.

m We now introduce the set ©(7, 1) of (7, u)-initial supersolutions, which is defined

as follows :

O(7,u) :={Y>: (Y, Z) supersolution of the BSDE}.
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Equivalent formulation

m Let o7, denote the set of elements a € H2 such that

Ty,

TV.
M = +/ asdW; takes values in [0, 1].

m For each 6 € T, there exists o’ € <7, . such that E,[)(8, Ys)] > 1 is equivalent
to Yo > ¢ (0, Mg‘“’ae) as.

Lemma

The condition

E [0, Yo)|Fr] > pu, for all 0 > 7

is equivalent to

the existence of a predictable process o such that Yy > (0, Mj*®), for all 6 > 7.

v
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BSDE with weak constraints

S S
Ye > Ys+/ g(u, Yu,Zu)du—/ Z,dW, 3)
t t

E-[¢(0, Yy)] > p, forall 6 > . (4)

Proposition

(Y, Z) € S x Ha satisfies (3)-(4) if and only if (Y, Z) satisfies (3) and there exists a € <y},
such that Y, > esssup &5 [y~ 1(0, My " *)] a.s. for all v € Tr.
€T,

We define Y(7, 1) := C(eesfz{inf esss%lpgf_‘g[;b_l(e, Mg #>%)] and we have
/e 0ET,

Proposition

essinf ©(r, p) = Y(7, 1) a.s.

The g-expectation of £ at stopping time 71 < 72 is defined as Efl_T2 [€] == Y7y, where

T2 T2
Y:§+/ a(s, Ys,Zs)ds—/ ZsdWs.

AT2 AT2
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BSDEs with weak constraints

For an initial threshold mg and a given admissible control ¢, we define Mg := M? M0:% and

ye o= essmf esssup £% 0, M§
: Ssginf esssup & ol ™10, M)
= £ L (T, Mg

fséwﬂ T [U ( ' T)]

Theorem (DPP)

For all (11,72, a) € To X To X < such that 2 € T, a.s., we have :

Y(n) = gssinf SEL D ()] o

and consequently Y% is a %8 *-submartingale process.

Definition (Strong % &:&-submartingale process)

An optional process (Y;:) € Sz satisfying Yo > & a.s. for all o € Tp and such that
E[esssup(Y-r) ] < oo is said to be a strong #&:¢-submartingale if Ys < @/g E(Y,—) a.s. on

TETo
S<T, foraIIST€76
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Mertens decomposition

Theorem (#&¢-Mertens decomposition)

Let (Y:) be an optional process and (&:) be a right-continuous left-limited strong
semimartingale. The process (Y;) is a strong % &+ -submartingale process if and only if there
exist two non-decreasing right-continuous predictable processes A, K € Kz such that Ag = 0 and
Ko = 0, a non-decreasing right-continuous adapted purely discontinuous process C’ in Sy with
C67 = 0 and a process Z € Hy such that a.s. for all t € [0, T],

Ye=Yr+ [ g(s, Ys, Z)ds — [ ZsdWs + Ar — Ac— Ky + Ke — Cf_ + C_,
Y > & as. ;

T (5)
/ (Y- —&,-)dAs =0 ass.; as. for all 7 € To;
0
dA: L dK:.

Moreover, this decomposition is unique.
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Mertens decomposition

m Since (Y;) is a strong & &&-submartingale and thanks to the characterization of the
solution of a reflected BSDE in terms of an optimal stopping problem with
g-expectations, we have

Ys < essinf esssup ££ Yrlos. + &gl a.s.
S > TeTs S’ETE 5’5//\-,-( TS/ >T &s S<T)

m (&) is RCLL, (Y3) is r.l.s.c. and the Mokobodzki's condition is satisfied, then the process
(Y:) coincides with the first component of the solution of the doubly reflected BSDE
associated with obstacles (Y:) and (&¢).

m For the converse implication, the reflected BSDE (5) can be seen as a reflected BSDE
associated to the generalized driver g(t,w,y,z)dt — dK; — dC;*'

—dK—dC’
Ys = esssup 55’,5’/\7- [YTlTSS/ + &g 15/<.,.] a.s.

S'eTs
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BSDE representation

Theorem (Reflected BSDE representation of the minimal t-values process)

There exists a family (2%, A%, K%)qc oz, Such that, for all oo € o/, we have, forall0 <t < T,

o = (T, M2) + [, g(s, Y2, 28)ds — [ Z2dWs + K¢ — K¢ — AY + A%
Ve > i, M) as
T (yg, — (s, M )) dA2 =0 as; dA® L dK*;
essinf E[f, exp(67% )d(AY — A2 4 K2 )] = 0 a.s., for all 7 € To;
a'ca e T

)2
where 5% = [F{BFdW, + (Ag — (B;) )du}, with

g(szysazzsa)fg(s Y Za)

)\(sl = ya — YOt I{ya ya#o}
s s
g(57 YQ’ZQ) 7g(5, Yavza)
w= S |Zsa —Zo|2 (80 - Z) e ze g0y
s s

and (Y, Z%, A%) the solution of the reflected BSDE with driver g and obstacle {=1(-, M%).
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Questions ?

Thank you for your attention!
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