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Portfolio liquidation models with self-exciting order flow

Benchmark model: Graewe & Horst '17

The large investor's stochastic control problem is given by

;
essinf [ 2 L6 Y+ A X2V ds
e [ IR %)

subject to the state dynamics
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Additional feedback effect

o Large selling orders may have an impact on future price dynamics

o diminish the pool of counterparties and/or generate herding effects
where other market participants start selling (or buying) in anticipation
of further price decreases (or increases)

e attract predatory traders that employ front-running strategies (See
Brunnermeier & Pedersen '05; Carlin et al. '07; Schied & Schoneborn
'09 for an in-depth analysis of predatory trading)
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Portfolio liquidation models with self-exciting order flow

Hawkes process

@ Market order dynamics follow Hawkes processes whose base
intensities depend on the large investors' trading activities
o Hawkes processes:a powerful tool to model self-exciting order flow and
its impact on stock price volatility (Bacry et al. '13, '15; El Euch et al.
'18; Jaisson and Rosenbaum '15; Horst and Xu '19)
e in the context of liquidation models (Alfonsi & Blanc'16; Amaral &
Papanicolaou '19; Cartea et al. '18)
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Portfolio liquidation models with self-exciting order flow

Additional transient price impact

@ Market order dynamics follows a Hawkes process with exponential
kernel

t
C,_ft = ut+§;t + a/ e_ﬁ("b_s)dN;E
0

e Expected number of (net) sell orders

t t
Z: =R[Z - 2] = / E[&s]ds + oc/ e Pt=5) Z ds .
0 0

Ce

o Expected number of (net) sell child orders follows the dynamics
dC = (—(8 — o) Gt + (E[X] — E[X¢])) dt, Co=0.
(mean-reverting if a < f3)
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Portfolio liquidation models with self-exciting order flow

The mean-field type control problem with absolutely
continuous controls

A mean-field type control problem for the large investor:

essinf [/ {77555 +&Ys+ A X2} ds

¢€L2-(0,T;R)

subject to the state dynamics

dXy = =& dt, te|0,T],

dY; = (—Pth +7e(&: + Cé)) dt, tel0,T],

dC = (=(B — &) Ce + a(E[X] — E[X¢])) dt, t€[0,T],
Xo=X, Xr =0, Yo=0, Co=0.
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Models with cadlag semimartingale strategies
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Model settings

Consider the mean-field control problem with cadlag semimartingale
strategies:

T 72 T
min E [/0 (Yt_ dZ:+ 22 d[Z]: + od]Z, W]t> +/0 AX dt]

subject to the state dynamics
dXs = —dZ;
dy, — ( oY, —i—’les') ds + 7o dZs + oo dW,
dCs = —(B — a)Csds + a(E[xo] — E[XJ]) ds
Xo— =x0; Yoo = G- =0; Xy =0.

for 0 < s < T where the set of admissible control is given by

o/ ={Z:Zis an F semimartingale with [Z]s < co for all s € [0, T]}.
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Models with cadlag semimartingale strategies

Existing literature

@ Mean field control problems

e with singular controls: Fu & Horst '17; Guo et al. '20; Hafayed '13; Hu
et al. '17

o with cadlag semimartingale strategies: Fu & Horst & X. 22
@ Non-Markovian singular control problems

e one-dimensional non-Markovian setting: Bank & Karoui '04; Bank '05;
Bank & Riedel '01

e multi-dimensional non-Markovian setting: Ackermann & Kruse &
Urusov '21; Fu & Horst & X. '22
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Heuristic result

The value function depends on the state process only through its
distribution and that it is of linear quadratic form driven by three
deterministic processes and a BSDE:

V(t,X) = Var(u)(Ar) + i Befi + D/ i + E[F].
where

—A11 +72A21 =0

1
—A12+W2A22+§=0

— A1z +72A23 =0
— B11 +72B821 =0

1
—312+72522+§=0

— B13 +72B23 =0
L —D1+72D2 =0.
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Models with cadlag semimartingale strategies

The process A satisfies a standard ODE system:

; (pA11,: + )\)2
Ane= [ —ag P TA)
e ( Yop + A

Arz ¢ (71(/6 )AlLt + (8~ a)Awse — ( 2(72p+A)

71(8 - a) (B —a) - 2/)/413,t)2
2 Y2 Ase 4(v2p + )

AT = Az, 7 =0, As37=0.

A33t—< B —a)Ass; +
%
2’
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Models with cadlag semimartingale strategies

The process B satisfies the fully coupled system of Riccati-type equations:

2
("'Bll,t+"'Bl3,t+"')

: a
Bii,r = 271—31171& +2aBiz: — A+

V2 473 (2p — 1+ A)
B B ?
. 71(/6_@) ( 13,t+"' 33,t+"')
Bise = | 208 — 0)Byse + 22— Y p, 4+
3t (6= a)Bus Y2 1 493 (2p — a + A)

. — «
By Z{M&m +aBs .+ (8—a+ 71—)Bls,t
Y2 V2

("’Bll,t+"‘313,t+"')'("‘313,t+"'833,t+"')}
+

473 (y2p — o + A)

Bt :%, Bis, 7 =0, Bs3 1 =0.
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Models with cadlag semimartingale strategies

The vector-valued process D satisfies the coupled linear ODE system:

: 2v1aE[x o'
D :{ — %T[O]Bll,t — 2aE[x| Bis,c + %Dl,t + aDs;

+ ( —2X\72 4+ 2(71e — Y2p) Bi1,e + 11200+ a72313,t)

( —m1720E[x0] + (v — 720)Dye + Oé’YzD3,t)
273(72p — 1 + A)

. 2v1aE[ X -«
D3 ; :{ — 2alE[x] Bs3,r — %T[O]Bllt + %Dm + (8 —a)Ds;

+ (2(7104 — 72p) B3t + 2720B33 ¢ + 1172(8 — Oé))

( — m720E[x0] + (7100 — 2p) D1t + oryzD3,t)
273(72p — 1 + A)

Di7=D37=0
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Models with cadlag semimartingale strategies

The process F satisfies the BSDE because of the randomness of the
volatility o

22A11

— D
—dF; = {O‘t Tw + anE[x]—

! + CEE[X()]D3
Y2
1
4N+ 2p—am
— Z; dW,
Fr =O0.

D 2
) (—cle[xO] + (ma— 720)7; + aD3> } dt
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Models with cadlag semimartingale strategies

Assumptions

We assume throughout that the following standing assumption holds.
© The coefficients v1, 72, a, 5 and A are nonnegative constants.
@ The coefficients satisfy 5 —a > 0 and yp — 1o+ A > 0.

© The initial position xg is assumed to be an integrable r.v. that is
independent of the Brownian motion. The volatility process o is a
square integrable progressively measurable process. In particular, o is
allowed to be degenerate.
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Wellposedness of the Riccati Equation

Theorem (Fu & Horst & X. '22)

In addition to the standing assumption, we assume « is small enough and
Y2p > 0. Then the matrix Riccati equation of B admits a unique solution
in L°([0, T]; R3) n C([0, T]; R3).

The system of B can be rewritten in the matrix form as:

P = (PNaNoAS Pr+ N1 P+ PNTT = M)

Pr=4g,
where
B. B HoP—4 e p(B—a)(ma—2))
P = 11 13 M=— 4(y2p—1100+A) 4(722p 'yla—i-/\
Bis Bss n(B—a)(na=2X) 11 (B—a) ’
4(r2p—m10+X) 4(v2p—ma+A)
0
g:<r}(§)2 0)’ N17N27N0:""
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Models with cadlag semimartingale strategies

Our ideas

Define

P=P+A,

where the matrix A is given by
A A1 A2\ Ao? A — «)
T\ A3/ \Aa(B-a) AB-a)?)
The process P satisfies the dynamics
~ ~ ~ o~ ~ ~—T —~
P = PNQNON;P +MP+PN: — M,
7/57— = g + K7

where

ﬂ: —/N\./\/’z./\/’o/\/’z—rx-i-/\/lx—l-/N\./\/—lT + M> 0.
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Models with cadlag semimartingale strategies

Main results

Theorem (Fu & Horst & X. '22)

If the standing assumption is satisfied, and if either A =0 or A > 0 and «
is small enough, then the following holds.

i) In terms of the processes A, B, D, F introduced before, the value
function is given by

V(t, X) = V(t, ) = Var(u)(Ar) + i Beji + Dy i+ E[Fe].
In particular, the value function of the original control problem follows

V(0, X') = Var(u)(Ao) + i Bofi + Dg ji + E[Fo].
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Models with cadlag semimartingale strategies

Theorem (Fu & Horst & X. '22)

i) The optimal strategy jumps only at the beginning and the end of the
trading period where the initial and terminal jump is given by

It e 8P
AZt = —3(Xt_ - ,LL) — ?M — ; and AZT = XT_

respectively. On the time interval (t, T) the optimal strategy satisfies the
dynamics

i IB oA
dZ, = (= % (X~ BlA]) — SBIX] - = — SH(X — B
1B _ JA
— = ((H+ H)E[X] + g)) ds — 5D W, se(t,T)
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Models with cadlag semimartingale strategies

Theorem (Fu & Horst & X. '22)

iii) The optimal state dynamics reads
dXs = (HXs + HE[X] + G) ds + Ds dWs + K dZs, sct, T),
where the initial value is given by

T
Xt = (Xt— - AZt Yt— + "YzAZt Ct—) .
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Models with cadlag semimartingale strategies

Verification

Proposition (Fu & Horst & X. '22)
Let v9p — v1ae + A > 0. Then the cost functional can be rewritten as

T T
= 1A _ 2 1/ B- D)2
J(t, 2) ._E[/t 5(/s (X, us)) ds+/t a(ls 5+Is) ds}
+ Var(ue—)(Ar) + i Bejir— + D/ fie— + E[F].

In particular, the cost functional reaches its global minimum if

/tT (ISA(XS —,as))2 ds = /tT (/SB—S I lsD)2 ds=0. as.
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The optimal strategy

Theorem
The candidate state process given above satisfies

INXs —E[X]) =0, IPE[X]+IP=0  seltT).

Xiaonyu Xia (WZU) Optimal Portfolio Liquidation



Numerical simulations
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Numerical simulations

Risk parameter dependence

1.0 —— FHX Model 12
—— OW Model
1.0
0.8
0.8
0.6 0.6
0.4
0.4
02
02 0.0
) M
00 W Py -02 —— FHX Model
—— OW Model
-0.4

0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t t

Figure: Dependence of the optimal strategy on the risk parameter A for A = 1.5
(left) and A = O(right). Other parameters are chosen as p = 0.7, 71 = 0.1,
2 =0.5, =05, g=1.1.
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Numerical simulations

Child order flow parameter dependence
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Figure: Dependence of the optimal strategy on the impact parameter o for « =0

(left) and @ = 1.8 (right). Other parameters are chosen as p = 0.4, A =0,
Y1 = 0.1, Yo = 05, ﬂ =3.
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Numerical simulations

Transient market impact parameter dependence
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Figure: Dependence of the optimal strategy on the impact parameter ~y, for
2 = 2 (left) and > = 0.3(right). Other parameters are chosen as p = 0.7, A =0,
7 =01 a=05 5=11.
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Conclusion

@ We considered a mean-field control problem with cadlag
semimartingale strategies arising in portfolio liquidation models with
transient market impact and self-exciting order flow.

@ We showed that the value function can be described in terms of the
solution to a fully coupled system of Riccati equations.

@ We obtained that the optimal strategy jumps only at the beginning
and the end of the trading period.
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The end.

Thank you!
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